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We here summarize additional contents including several useful expressions. We use units in which ~ = c = 1.

1. A Possible Relation to Density Distributions

In this section, we discuss where the black sphere (BS) ra-

dius, a, at Tp & 800 MeV is located in the nuclear density

distribution. We then compare the mass number dependence

of rBS with that of rm.

1.1 Which Part is Probed?

Let us first define the critical nucleon density nc as the den-

sity at r = a. We then deduce the values of a and nc for
4He, natu.C, 124Sn, and natu.Pb from elastic scattering data at

Tp = 800 MeV (see ref. 1 and references therein). The resul-

tant values of nc are listed in Table I. We find that in all the

cases the BS radius is located in the surface region. We also

find that nc weakly depends on A in a manner that is consis-

tent with nc ∝ A−1/6. This dependence is discussed in Sec. 4

of ref. 2.

1.2 rBS vs. rm

In this subsection, we discuss the behavior of rBS − rm as

a function of A at Tp & 800 MeV. As we showed in ref. 3

(see Fig. 1), rBS − rm is consistent with zero for A & 50, while

rBS − rm is appreciably below zero for A . 50.

As we mentioned in ref. 3 and in Sec. 3.2 of ref. 2, the

drastic change in the difference around A ∼ 50 suggests a

possible change in the form of the real nucleon density dis-

tribution; the rectangular distribution as assumed in deducing

the rms radius rBS may well simulate the real distribution at

A & 50, while for A . 50 the real distribution is quite differ-

ent from the rectangular one in such a way that the portion of

the real distribution farther than a is relatively large. This fea-

ture is suggested by the empirical charge distribution deduced

from the electron-nucleus elastic scattering,4) which shows a

Gaussian-like form rather than a rectangular one for light nu-

clei.

This feature of the nucleon distribution is expected to be re-

Table I. The values of nc at Tp = 800 MeV.

Nucleus nc (fm−3)
natu.Pb 0.028
124Sn 0.033
natu.C 0.044
4He 0.060

Fig. 1. The difference, rBS − rm, as a function of mass number A (from

Fig. 2 of ref. 3 ). The crosses (×) and the circles (◦) are calculated from the

corresponding values of rm in Fig. 1 of ref. 3. The dotted line shows rBS = rm

and A = 50.

flected by size-sensitive observables for which empirical data

are available for stable nuclei ranging from light to heavy

ones. Such observables include 1s states of pionic atoms and

isoscalar giant resonance energies; the isoscalar part of the

pion-nucleus optical potential5) and the inertia associated with

the resonances6) are related to the nucleon distribution.

To make the problem clearer, we adopt the two-parameter

Fermi function as a typical nuclear density distribution. By

expanding it in terms of A1/3, we obtain the rms radius as (see

Eq. (2-71) in p. 161 of ref. 7 )

〈r2〉1/2 = 0.93A1/3 + 1.78A−1/3 + · · · fm. (1.1)

From the above expression, we can understand that the first

term of the right side corresponds basically to the BS scaling

of rBS = 0.94A1/3 fm, Eq. (3.3) of ref. 2. A part of the differ-

ence for A . 50 found in Fig. 1 comes from the second term

of Eq. (1.1). A more systematic study in this direction was

reported in ref. 8 (see also Sec. 4 in this supplement).

2. Connection with the Eikonal Approximation

In this section, we show the connection of our BS approxi-

mation of nuclei with the eikonal approximation, and summa-

rize the key expressions for the purpose of completeness and

clarification.

The scattering amplitude of proton-nucleus elastic scatter-
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ing, f (q), in the eikonal approximation is given by9)

f (q) = ip

∫ ∞

0

bdb J0(qb){1 − exp[iχ(b)]}, (2.1)

where q is the momentum transfer, p is the proton momentum

in the c.m. frame, b is the impact parameter vector perpendic-

ular to p, Jn(x) is the n-th order Bessel function, and

χ(b) = −1

v

∫ ∞

−∞
dz′ Vopt(b + κz

′), (2.2)

is the phase-shift function with the velocity of an incident pro-

ton v

(

= |p|/
√

p2 + m2
p

)

, the proton-nucleus optical potential

Vopt(r), and κ = p/|p|. We then obtain the differential cross

section of elastic scattering as

dσelastic

dΩ
= | f (q)|2. (2.3)

Within the tρ approximation to the optical potential,9) the

phase-shift function reads

χ(b) =
2π

p

∑

N=n,p

fpN(0)

∫ ∞

−∞
dz′ ρN(b + κz′), (2.4)

where fpN(0) is the proton-nucleon scattering amplitude in the

forward direction, and ρN(r) is the N nucleon one-body den-

sity distribution. Expression (2.4) corresponds to the optical-

limit approximation in the Glauber approximation. The imag-

inary part of fpN(0) is related to σtotal
pN

by the optical theorem

as

Im fpN(0) =
p

4π
σtotal

pN . (2.5)

Using the scattering amplitude of Eq. (2.1) in the forward

direction, we obtain the total cross section via the optical the-

orem for proton-nucleus scattering as

σtotal =
4π

p
Im f (0)

= 4π

∫ ∞

0

bdb {1 − Re exp[iχ(b)]}. (2.6)

Note that this allows for the contribution from the strong in-

teraction alone. The total elastic scattering cross section can

be obtained from Eq. (2.3) as

σelastic = 2π

∫ ∞

0

bdb | exp[iχ(b)] − 1|2, (2.7)

which in turn leads to the absorption cross section,

σabs = σtotal − σelastic

= 2π

∫ ∞

0

bdb {1 − | exp[iχ(b)]|2}

= 2π

∫ ∞

0

bdb {1 − exp[−2Imχ(b)]}. (2.8)

In the strongly absorptive limit of the eikonal approxima-

tion with the density distribution whose cutoff is equal to the

BS radius a, we can write the phase-shift function, χ(b), as

exp[iχ(b)] = θ(b − a). (2.9)

Then, the scattering amplitude becomes the Fraunhofer scat-

tering amplitude in optics:

f (q) = ipaJ1(qa)/q. (2.10)

Using expression (2.9), we obtain from Eq. (2.6)

σtotal = 2πa2. (2.11)

Also, we obtain

σelastic = πa
2 (2.12)

and

σabs = πa
2. (2.13)

In this framework, the absorption cross section σabs corre-

sponds to the BS cross section σBS = πa
2 and thus can be

identified with the total reaction cross section σR of proton-

nucleus scattering. This is the formal relation of the BS ap-

proximation with the eikonal approximation.

As described in Sec. 2.2 of ref. 2, we determine a by fit-

ting the angle of the first elastic diffraction peak calculated

for proton diffraction by a circular black disk of radius a to

the measured value, which is the essential difference from the

classical BS approximation.

3. Derivation of the BS Cross-Section Formula

In this section, we describe how to derive the BS cross-

section formula. This formula was originally reported in ref.

10. The present description is partly a repetition of that work,

but aims at being more detailed.

We express the energy dependence of σBS (≡ πa2),

Eq. (2.8) of ref. 2, as

σ̃BS(Tp) = πa(Tp)2

= πa2
0

(

1 +
∆a

a0

)2

, (3.1)

where ∆a ≡ a(Tp) − a0 is responsible for the energy depen-

dence of σ̃BS. a0 is the value of a determined at 800 MeV

in the same way as in Sec. 2.2 of ref. 2. In this setting, we

assume that the incident protons are point particles, leading

to vanishing contribution from the proton size to a. This is

reasonable since the measured proton-proton reaction cross

section is relatively small at Tp less than ∼ 1000 MeV.

In deriving the expression for ∆a, we introduce the “opti-

cal” depth or thickness of a target nucleus. As originally in-

troduced in astrophysics,11) the optical depth, or optical thick-

ness, is a measure of transparency and is defined as the nega-

tive logarithm of the fraction of radiation that is not scattered

or absorbed on a path. In the present “optical” depth, we con-

sider the fraction of projectiles that are transparent through

the target nucleus, because the BS radius a corresponds to a

critical radius inside which the protons are attenuated in a tar-

get nucleus.

In the context of the conventional nuclear scattering theory,

as one can see from expression (2.8), the fraction is in propor-

tion to the flux attenuation factor, which can be obtained from

Im χ(b), Eq. (2.4), as

| exp[χ(b)]|2 = exp[−2Imχ(b)]

= exp

















−
∑

N=n,p

σtotal
pN

∫ ∞

−∞
dz′ ρN(b + κz′)

















.

(3.2)

Thus, the nuclear optical depth for absorption of proton pro-
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jectiles in the conventional scattering theory can be symboli-

cally expressed as

τconv =

∫

l

dl
[

σtotal
pn ρn(r) + σtotal

pp ρp(r)
]

, (3.3)

where l is the proton trajectory.

The empirical relation that σR ≃ σBS suggests that ex-

pression (3.3) amounts to a critical value when the nearest

distance between the proton trajectory and the nuclear cen-

ter is a. Let us now approximate the trajectory by a straight

line (Fig. 5 of ref. 2 ) although it is slightly distorted by the

Coulomb repulsion.

In the present framework, instead of Eq. (3.3), we introduce

the effective nuclear optical depth τ, Eq. (4.2) of ref. 2. By ap-

proximating the nuclear density distribution as a trapezoidal

form as shown in Fig. 5 of ref. 2, we express L′ by

L′ = 2
√

R2 − a2. (3.4)

In the trapezoidal form of the nucleon distributions, we set

the length of the bottom, R, the surface thickness, D, and the

length of the top, R−D, in such a way as to reproduce a typical

behavior of the distributions deduced from elastic scattering

data off stable nuclei. The surface thickness D is the thickness

outside of the plateau of the density distribution of density ρ0.

Let us now consider the deviation of ∆X of X (=

σ̄total
pN
, a, nc, and L′) from the value X0 at Tp = 800 MeV under

the condition that the nuclear optical depth τ is independent

of Tp. As long as Tp > 100 MeV, ∆σ̄pN[= σ̄total
pN

(Tp) − σ̄total
pN0

]

is sufficiently small to validate the following expression up to

first order in the deviations

τ
∆σ̄total

pN

(σ̄total
pN0

)2
≈ −nc0∆L′ − L′0∆nc, (3.5)

which follows from

∆















τ

σ̄total
pN















= ∆(ncL′). (3.6)

∆L′ in Eq. (3.5) can be rewritten as

∆L′ ≈ dL′

da

∣

∣

∣

∣

∣

0

∆a. (3.7)

Because of the assumed trapezoidal distribution, one can ob-

tain

∆nc = −
ρ0

D
∆a. (3.8)

For the estimation of D, we consider the slope to be linear near

the half-density radius as the simplest approximation. For ex-

ample, as the nuclear density distribution
∑

N=n,p ρN(r), we

adopt the two-parameter Fermi distribution,

ρ2pF(r) =
ρ f 0

1 + exp (r − c)/z
, (3.9)

where c is the half-density radius, and z determines the dif-

fuseness. Typically, they are parameterized as c ≃ 1.3A1/3

fm and z ≃ 0.5 fm, respectively. The condition that the slope

should be the same at r = c reads

dρ2pF(r)

dr

∣

∣

∣

∣

∣

∣

r=c

= −ρ f 0

1

4z
=
ρ0

D
. (3.10)

Assuming ρ f 0 ≃ ρ0, we obtain D = 4z. The value of z = 0.55

fm corresponds to D = 2.2 fm, which is taken throughout the

present work.

Combining Eqs. (3.5), (3.7), and (3.8), one can derive the

relation between ∆σ̄pN and ∆a as

∆a

a0

=

(

ρ0

D
L′0 −

dL′

da

∣

∣

∣

∣

∣

0

nc0

)−1
τ

a0

∆σ̄total
pN

(σ̄total
pN0

)2

=

(

ρ0a0

Dnc0

− a0

L′
0

dL′

da

∣

∣

∣

∣

∣

0

)−1 ∆σ̄total
pN

σ̄total
pN0

.

(3.11)

We thus obtain the BS cross-section formula as

σ̃BS(Tp) = πa2
0















1 +

(

ρ0a0

Dnc0

− a0

L′
0

dL′

da

∣

∣

∣

∣

∣

0

)−1 ∆σ̄total
pN

σ̄total
pN0















2

, (3.12)

where L′
0
= 2

√

R2 − a2
0
, ρ0 = 0.16 fm−3, and nc0 is given by

nc0 = τ/(L
′
0σ̄

total
pN0). (3.13)

Here we choose τ = 0.9 in such a way as to reproduce the

values of nc0 that are summarized in Table I in Sec. 1. For

σtotal
pp and σtotal

pn , see Appendix A of ref. 2.

We now proceed to express dL′/da at Tp = 800 MeV and

the length R. In doing so, we first note the normalization con-

dition for the assumed trapezoidal distribution,

A =
4πρ0

3

(

R3 − 3

2
DR2 + D2R − 1

4
D3

)

. (3.14)

While we could solve this in R analytically, we solve it ap-

proximately for later convenience. One can seek an approxi-

mate solution to Eq. (3.14) by setting

R = R0 + D/2 + δR, (3.15)

with

R0 = [3A/(4πρ0)]1/3, (3.16)

and assuming that δR is small. One thus obtains

R ≃ R0 +
D

2
− R0













1 +
12R2

0

D2













−1

. (3.17)

From this expression, δR can be shown to be small even for

light elements. Hereafter we substitute expression (3.17) into

the cross-section formula (3.12) through L′.

We can then obtain dL′/da from Eqs. (3.4) and (3.17). The

expression for dL′/da is given by

dL′

da
=

2

L′
d

da
(R2 − a2)

=
4

L′
(R

dR

da
− a). (3.18)

Since dR/da = 0, we can estimate the values of dL′/da at

Tp = 800 MeV in Eq. (3.12) from

dL′

da

∣

∣

∣

∣

∣

0

= − 4

L′
0

a0. (3.19)

Note that in our previous paper,10) we have mistakenly as-

sumed dR0/da|0 = R0/a0 in calculating dL′/da|0. The rele-

vant corrections, which are included in Eq. (3.19), act to de-

crease the magnitude of ∆a, but change the value of σ̃BS(Tp)

by an amount of the order of typical experimental error bars
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at most.

4. Comparison between Various Radii of Stable Nuclei

In this section, we briefly review ref. 8, which explains the

physics underlying the fact that the A dependence of the dif-

ference between the rms BS radius rBS and matter radius rm

of stable nuclei changes abruptly around A = 50 as shown in

Fig. 1. In ref. 8, the author concluded that this abrupt change

stems from the combined effects of the surface diffuseness

and neutron skin.

Let us now recall that the BS radius a behaves almost com-

pletely as A1/3 3) [see Eq. (3.3) of ref. 2 ]. We thus find that the

abrupt change of the A dependence of rBS − rm is controlled

by rm. To see the A dependence of rm, we consider the rms

charge radius rc as a reference. This is because rc is empir-

ically well-known,4) leading to various formulas as function

of A.12) For example, one can approximate the charge density

distribution by the two-parameter Fermi distribution, leading

to expansion with respect to A like Eq. (1.1). Instead, we here

use the trapezoidal charge density distribution, which allows

us to analytically obtain the rms charge radii. In fact, by as-

suming that the proton point density distribution is propor-

tional to the trapezoidal matter density distribution given in

Sec. 3 in this supplement, we obtain

rt
c =













3

5R3
0

(

3R3 − 15

2
DR4 + 10D2R3 − 15

2
D3R2

+3D4R − 1

2
D5

)

+
3

2
r2

p

]1/2

, (4.1)

where R0 and R are given by Eqs. (3.16) and (3.17), respec-

tively, and rp = 0.65 fm allows for the proton charge radius.13)

Note that this expression well reproduces the overall empiri-

cal data for rc.

We proceed to compare rBS, r̃m, and rc for stable nuclei.

In Fig. 2 we plot r̃m − rBS, where r̃m is deduced from the ex-

perimental overall differential cross sections for proton elas-

tic scattering via optical potential models, and rBS is obtained

from the measured peak angles in the same differential cross

sections. The data are the same as in Fig. 1, but here for the

data for rm that have the nucleon size ignored, we reevalu-

ate it as r̃2
m by adding (3/2)r2

p to the original r2
m for the sake

of consistency with the definition of rc. For comparison, we

also plot rc − rBS, where rc is taken from ref. 4, together with

rt
c−0.94A1/3 fm. As can be seen from the figure, rt

c−0.94A1/3

fm well simulates the empirical behavior of rc − rBS. For

A . 50, r̃m−rBS is positive and decreases with A, a feature that

comes from the contribution of the surface diffuseness to r̃m.

We remark that in this region, rc is almost indistinguishable

from r̃m, and that the nuclear surface occupies a large por-

tion of the density distribution for light nuclei. For A & 50,

on the other hand, r̃m − rBS is consistent with zero, while r̃m

is systematically larger than rc. The latter feature almost cer-

tainly originates from the neutron skin thickness rnp, i.e., the

difference in the rms radius between the neutron and proton

density distributions, which develops as the beta stability line

deviates from Z = A/2 into a neutron-rich regime. In fact,

r̃m − rc ≈ (1 − Z/A)rnp.

Fig. 2. (Color online) Empirical radius differences, r̃m − rBS (circles) and

rc− rBS (squares), obtained for stable nuclei. The data for r̃m and rBS adopted

here are the same as in Fig. 1, but here the nucleon size is included for any

r̃m. For comparison, we plot rt
c − 0.94A1/3 fm in solid curve.

5. Supplementary Information for Appendix B: Scatter-

ing with a Square-Well Potential of Finite Strength

We here give additional expressions for scattering ampli-

tudes and absorption cross sections that arise from the poten-

tial (B.1) of ref. 2.

5.1 Scattering Amplitude

Let us consider the derivation of the analytic expression for

the scattering amplitude. From Eq. (2.1), we obtain

f (q) = ip

∫ ā

0

bdb J0(qb)

×
{

1 − exp

[

−2(W0 + iV0)

v

√
ā2 − b2

]}

= ip

∫ ā

0

xdx J0

(

q
√

ā2 − x2
)

×
{

1 − exp[−2(c2 + ic1)x]
}

= ip(I0 − Ic + iIs), (5.2)

with x =
√

ā2 − b2, c1 = V0/v, c2 = W0/v,

I0 =

∫ ā

0

xdx J0

(

q
√

ā2 − x2
)

(5.3)

Ic =

∫ ā

0

xdx J0

(

q
√

ā2 − x2
)

e−2c2 x cos(2c1x)

= −1

2
Re
∂

∂c2

Ig, (5.4)

Is =

∫ ā

0

xdx J0

(

q
√

ā2 − x2
)

e−2c2 x sin(2c1x)
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= −1

2
Im
∂

∂c2

Ig, (5.5)

where

Ig =

∫ ā

0

dx J0

(

q
√

ā2 − x2
)

exp[−2(c2 + ic1)x].

(5.6)

5.2 Effect of Neutron Skin

For future research involved, it could be significant to

approach unstable neutron-rich nuclei. We thus extend the

eikonal approximation based on the potential (B.1) of ref. 2

to the case of an > ap, where an and ap are the potential cut-

off scales for neutrons and protons, respectively, as done in

ref. 14. For simplicity, we confine ourselves to the case of

(an − ap)/an ≪ 1. In this case, as we shall see, the reaction

cross section (B.2) of ref. 2 includes a term that depends ex-

ponentially on the effective neutron skin thickness an − ap.

Let us set the radius and density of the proton (neutron) dis-

tribution for a nucleus of given A and Z to be the same as ap

(an) and uniform at ρp0 = 3Z/(4πa3
p) (ρn0 = 3(A−Z)/(4πa3

n)).

Within the tρ approximation to the optical potential, the

phase-shift function χ(b) given by Eq. (2.2) can be decom-

posed into

χ(b) = χpp(b) + χpn(b), (5.7)

where the imaginary part can be expressed as

Im[χpp(b) + χpn(b)] = σtotal
pp ρp0

√

a2
p − b2θ(ap − b)

+ σtotal
pn ρn0

√

a2
n − b2θ(an − b).

(5.8)

By substitute Eq. (5.8) into Eq. (2.8), we obtain

σabs = πa2
n

−2π

∫ ap

0

bdb exp[−ζp

√

a2
p − b2

− ζn
√

a2
n − b2]

−2π

∫ an

ap

bdb exp[−ζn
√

a2
n − b2] (5.9)

where ζp = 2σtotal
pp ρp0 and ζn = 2σtotal

pn ρn0. For later conve-

nience, we define

ζ̄ = ζp + ζn (5.10)

In Eq. (5.9), we refer to minus the second term as (I) and to

minus the third term as (II).

Since it is hard to analytically calculate (I), we will estimate

the upper and lower limits of (I). Putting y = a2
p and y0 =

a2
n, as well as keeping ap and an being close in mind, via the

mean-value theorem, we can write

f (y) =

√

y − b2

= f (y0) + f ′(y0 + c(y − y0))(y − y0),

(5.11)

where f ′ = d f /dy, and c is a number that satisfies 0 < c < 1,

while depending on b. The second term of Eq. (5.11) satisfies

the following inequalities:

f ′(y0 + c(y − y0)) =
1

2
√

y0 + c(y − y0) − b2

=
1

2
√

(1 − c)y0 + cy − b2

<
1

2
√

(1 − c)(y0 − y)

<
1

√
y0 − y

. (5.12)

For the first inequality, we use the relation, cy − b2 ≥ cy − y

for 0 ≤ b ≤ ap. For the last inequality, we refer to the range

of c as a function of b as shown in Table II. Then, Eq. (5.11)

becomes
√

a2
p − b2 >

√

a2
n − b2 −

√

a2
n − a2

p, (5.13)

and we can obtain in the case of strong absorption

(I) ≪ 2π

∫ ap

0

bdb exp

(

−ζ̄
√

a2
n − b2 + ζp

√

a2
n − a2

p

)

= exp

(

ζp

√

a2
n − a2

p

)

×2π

∫ ap

0

bdb exp

(

−ζ̄
√

a2
n − b2

)

, (5.14)

where≪means that the left side is exponentially smaller than

the right side.

Changing the variable of integration via x =
√

a2
n − b2

(xdx = −bdb), we rewrite Eq. (5.14) as

(I) ≪ exp

(

ζp

√

a2
n − a2

p

)

×2π

∫ an

√
a2

n−a2
p

xdx exp(−ζ̄x). (5.15)

Then we can analytically calculate the integration in Eq.

(5.15) using
∫ a

0

xdx exp(−bx) = (1/b2)[1 − (ab + 1) exp(−ab)],

(a, b > 0). (5.16)

The result is

2π

∫ an

√
a2

n−a2
p

xdx exp(−ζ̄x)

=
2π

ζ̄2

[

1 − (anζ̄ + 1) exp(−anζ̄)
]

−2π

ζ̄2

[

1 −
(

ζ̄

√

a2
n − a2

p + 1

)

exp

(

−ζ̄
√

a2
n − a2

p

)]

.

=
2π

ζ̄2

(

ζ̄

√

a2
n − a2

p + 1

)

exp

(

−ζ̄
√

a2
n − a2

p

)

Table II. The behavior of c as a function of b.

b 0 ap

c(b) (3an + ap)/[4(an + ap)] ր 3/4
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−2π

ζ̄2
(anζ̄ + 1) exp

(

−anζ̄
)

. (5.17)

In the same way as above, on the other hand, we can rewrite

(II) as

(II) = 2π

∫ an

ap

bdb exp

(

−ζn
√

a2
n − b2

)

= 2π

∫

√
a2

n−a2
p

0

xdx exp(−ζnx)

=
2π

ζ2
n

[

1 − (ζn

√

a2
n − a2

p + 1) exp

(

−ζn
√

a2
n − a2

p

)]

.

(5.18)

When one retains corrections to the BS limit (σtot
pN
→ ∞)

by transparency of the skin region, (I) is negligible compared

with (II). Thus, the absorption cross section (5.9) has a form

σabs ≃ πa2
n

−2π

ζ2
n

[

1 −
(

1 + ζn

√

a2
n − a2

p

)

e−ζn
√

a2
n−a2

p

]

≤ πa2
n. (5.19)

It is instructive to note that Eq. (5.19) reduces to πa2
n in

the BS limit. For large but finite values of ζn, the remaining

term in the right side of Eq. (5.19) starts to play a role ahead

of the other terms responsible for transparency of the inner

region in which protons are present. Interestingly, this term is

a decreasing function of an and in some cases acts to cancel

an increase of the main term πa2
n by an increment of an.14)

6. Empirical Formulas for σR

Here, we summarize earlier empirical formulas for σR of

proton-nucleus reactions, some of which are plotted in Fig. 7

of ref. 2. Since the advent of the geometrical cross section for-

mula designed for collisions of heavy cosmic ray primaries

with target nuclei by Bradt and Peters,15) several formulas

have been developed mainly for description of intermediate

energy nucleus-nucleus collisions. Kox et al. proposed a ge-

ometrical formula that expresses σR in powers of A1/3 by in-

cluding an energy dependent parameter obtained phenomeno-

logically in the energy range from 30 MeV/nucleon to 2100

MeV/nucleon.16) The expression for the energy dependent pa-

rameter as obtained above was given by Townsend and Wil-

son.17) Shen et al. extended the formula by Kox et al. by tak-

ing into account the effect of neutron excess and decreasing

the lower limit of its applicable energy range down to a few

MeV/nucleon.18) Tripathi et al. further improved the formula

by introducing the “medium effect”.19, 20) It should be noted

that the effect of neutron excess adopted in the last two for-

mulas leads to asymmetry with respect to exchange between

projectile and target nuclei.21)

On the basis of the formula by Bradt and Peters,15) on

the other hand, Sihver et al. developed semi-empirical for-

mulas for proton-nucleus (with the target charge Zt ≤ 26)

and nucleus-nucleus (with the projectile and target charges

Zp,Zt ≤ 26) reactions.22) These formulas are applicable for

incident energies above ≃ 15 MeV and ≃ 100 MeV/nucleon,

respectively.

There is another genealogy of geometrical formulas for

proton-nucleus reaction cross sections. Carlson constructed a

formula that is based on a simple geometrical picture by de-

termining the energy-dependent coefficients from empirical

data of stable nuclei.23) The values of these coefficients were

parameterized by Machner et al.24) Even earlier than that, a

similar empirical formula was constructed for various ion-

transport problems of astrophysical interest by Letaw et al.25)

Details of these two formulas are given below.

6.1 Carlson’s Formula

The expression is given by

σR = π
(

Rp + r0A1/3
)2
. (6.1)

The values of the coefficients are summarized in Table A of

ref. 23. This expression includes an A1/3 correction in addition

to the simple geometrical A2/3 term. Carlson determined this

correction in such a way as to reproduce the empirical total

reaction cross sections of stable nuclei colliding with protons

in the energy range from 40 MeV to 560 MeV.

Machner et al. proposed the parametrization of Rp and r0

as a function of the proton incident energy Tp as in Eqs. (5)

and (6) of ref. 24:

Rp(Tp) = −0.37 + 5.538 exp(−0.0366Tp), (6.2)

and

r0(Tp) =
1

0.732 + 167.7/T 2
p

, (6.3)

with both parameters measured in fm and the energy Tp in

MeV. Expression (6.2) overestimates Rp of Eq. (6.1) between

40 ≤ Tp ≤ 100 MeV.

6.2 Letaw’s Formula

For such high energies as Tp > 2 GeV,

σ(Tp) = σ(h.e.)

= 45A0.7[1 + 0.016 sin(5.3 − 2.63 ln A)] mb.

(6.4)

For 2 GeV > Tp > 10 MeV,

σ(Tp) = σ(h.e.)

×[1 − 0.62 exp(−Tp/200) sin(10.9T−0.28
p )].

(6.5)

where Tp is in units of MeV.
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