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Abstract:

In this article we use 5-brane junctions to study the 5D N = 1 TN CFTs corresponding to

the 5D N = 1 uplift of the 4D N = 2 strongly coupled gauge theories, which are obtained

by compactifying N M5 branes on a sphere with three full punctures. Even though these

theories have no Lagrangian description, by using the 5-brane junctions proposed by Benini,

Benvenuti and Tachikawa, we are able to derive their Seiberg-Witten curves and Nekrasov

partition functions. We are able to cross check our results with the superconformal index

proposed by Kim, Kim and Lee. Through AGTW, we predict the form of the three point

functions of the (q-deformed) WN Toda theories with three full punctures, up to an overall

factor.
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1. Introduction

In the seminal article [1] Gaiotto argued that a large class, called class S, of N = 2

superconformal field theories (SCFT) in four dimensions (4D) can be obtained by a twisted

compactification of the 6D (2, 0) SCFT on a Riemann surface of genus g with n punctures.

The building blocks of the class S theories are tubes and pairs of pants that correspond

to gauge groups and matter multiplets, respectively. Subsequently, the authors of [2, 3]

proposed a relation between the partition functions of the N = 2 SU(N) gauge theories

and the correlation functions of the 2D AN−1 Toda CFTs. If one can compute all the 2- and

3-point functions in a CFT, it would in principle lead to complete understanding of the n-

point functions. Analogously, if we are able to find all the partition functions corresponding

to the 2- and 3-point functions1, we will be able to write down all the partition functions

of theories that admit a pair of pants decomposition.

It is important to note that there is a fundamental difference between the SU(2) and

the SU(N), N > 2, cases. For the SU(2) quiver gauge theories from [2] that are related to

2D Liouville CFT, there is only one type of puncture on the Riemann surface and hence

has only one class of 2D 3-point functions to be calculated. On the other hand, the SU(N)

case with N > 2 has more than one kind of punctures, containing U(1) punctures and full

SU(N) ones [1]. So far, the case with three full SU(N) punctures TN (also referred to as

Triskelion [4]) has remained elusive, since neither the TN Nekrasov partition functions nor

the Toda three-point correlators are known. The situation is further aggravated by the fact

that the corresponding 4D theories do not posses a Lagrangian description. Even though

there is no known Lagrangian description of the 4D TN theories, we are able to write down

the partition functions for their 5D uplift [5] using topological strings on 5-brane junctions.

The simplest non-trivial example is the 4D T3 theory that was found by Argyres and

Seiberg in [6]. It was realized there as the strong coupling limit of an SU(3) gauge theory

with six flavors in the fundamental representation. This theory is known to enjoy global

E6 symmetry. The main focus of our study is the 5D uplift of this T3 theory, which is

quite special since it can be seen from a different point of view. Seiberg argued in [7] that

the 5D SU(2) gauge theory with Nf fundamental flavors has a UV fixed point with ENf+1

symmetry, where the SO(Nf ) flavor and U(1) instanton symmetries enhance to an ENf+1

global symmetry [7]2. The above mentioned 5D T3 theory is in fact identical to this E6

CFT [5].

Powerful tools became available when one realizes gauge theories in string theory. One

was suggested by Hanany and Witten in [18], who constructed gauge theories living on a

system of NS5 and Dp branes in type IIA/B string theories. Following [19], this approach

provided a geometric way to realize and compute the Seiberg-Witten curves for 4D gauge

theories by uplifting to M-theory. For 5D gauge theories, the brane configuration is a type

1As we will see below, the TN partition functions corresponding to the 3-point functions of the WN Toda

theory have empty Young diagrams at their external legs (4.67). In order to obtain the n-point functions

from the Nekrasov partition functions that correspond to the 3-point functions, one has to use the partition

functions (4.67) but with non-empty Young diagrams for their external legs.
2These theories also appear in the context of the E-string theory, see [8–17,17]
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IIB (p, q) 5-brane system, which is referred to as the web diagram [20, 21] from which the

SW curves are obtained [21–24]. Another way to realize N = 2 gauge theories, known

as geometric engineering [25, 26], is to compactify type II string/M-theory on Calabi-Yau

threefolds. This route has the advantage of allowing one to obtain the Nekrasov partition

functions of the gauge theories by computing the partition functions of topological strings

living on these backgrounds. Magically, the dual to the Calabi-Yau toric diagram turns

out to be exactly equal to the web diagram used in the Hanany-Witten approach [27,28].

Flavors can be added in the Hanany-Witten setup by introducing D7-branes [19, 29].

In particular, the En SCFTs are obtained by adding (n + 3) 7-branes inside a 5-brane

loop. In this configuration, the flavor symmetry becomes manifest, since it comes from

the gauge symmetry of the 7-branes [30]. The web diagram with 7-branes is equivalent

to local del Pezzo compactifications of M-theory [31]. The del Pezzo surfaces are roughly

speaking multi-point blow-ups of CP2, where the blow-up procedure corresponds to the

inclusion of the 7-branes inside the 5-brane loop. The flavor symmetry is also manifest in

the del Pezzo construction, and it corresponds to the rotations of the blow-up points. The

SW curves of the En theories are derived based on the del Pezzo compactification3 [32–34].

The enhancement of the flavor symmetry then becomes manifest on the level of the SW

curves4. The partition function of the del Pezzo compactification was studied in [37–40]5.

In order to obtain several flavors6, we can pull the D7-brane outside of the 5-brane loop

by employing the rules from [41–46]. Since the five dimensional theory is insensitive to the

size of the regularized external 5-brane, we can move the 7-branes to infinity. It is easier to

obtain the SW curve in this setup, by uplifting to M-theory following [19]. Moreover, the

computation of the Nekrasov partition function is also fairly simple, since the corresponding

Calabi-Yau manifold is known to be toric. We can thus use the topological vertex method,

which is much easier than computing the topological string partition function for non-toric

Calabi-Yau geometries.

However, a subtlety with this strategy is that the brane construction causes problem

if we try to move all the 7-branes to the infinity for En with n ≤ 3 [20]. This is because

parallel 7 external 5-branes appear in the naive brane web for realizing higher flavor sym-

metries. They create new degrees of freedom due to that the 1-brane propagates along the

parallel 5-branes. Any desirable theory will not arise from such a “untidy” brane system.

Moreover, the flavor symmetry is not manifest in the web system. The corresponding toric

compactification also has extra degrees of freedom from M2-brane propagating along the

flat direction of the Calabi-Yau, which corresponds to the above mentioned new degrees

of freedom. In this paper, nevertheless, we demonstrate that for all the flavor cases up to

Nf = 5, the above mentioned computation method for the SW curve and the Nekrasov

partition function is still valid. The Nf = 5 case corresponds precisely to the T3 5-brane

multi-junction [5].

3More refs
4The 4D SW curve was found in [35,36]
5More refs
6SW curve for Nf ≤ 2Nc. Partition function for Nf ≤ 2.
7For n ≥ 7, crossing or jumping also appear [5], but we will not discuss these issues in this paper.
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In this paper, we first compute the SW curve of the TN junction using the method

from [19]. We demonstrate that the known SW curve can be reproduced from this brane

setup. It is then shown the way the E6 symmetry is realized, although the full global

symmetry is not manifest in this setup. We also compute the Nekrasov partition functions

of the TN junctions as refined topological string partition functions [47, 48]. At this point

we make use of the quite recent conjecture of Iqbal and Vafa [49], that says that the 5D

superconformal index, which is the partition function on S4 × S1, can be obtained from

the 5D Nekrasov partition function and thus from the topological string partition function

I5D =

∫
da |ZNek5D(a)|

2 =

∫
da |Ztop(a)|2. (1.1)

This provides a way to test our results against the 5D superconformal index computed

via localization on S4 × S1 by Kim, Kim and Lee in [50]. The E6 superconformal index

is obtained from the T3 Nekrasov partition function by using the idea presented in [49]

and find the results to coincide with those in [50]8. When parallel external 5-brane legs

appear in the toric web diagram, the corresponding topological string partition functions

contain extra degrees of freedom. In contrast to the massive spectrum in 5D which forms a

representation of the Wigner little group SU(2)×SU(2), referred to as the full spin content

representation, these extra states do not transform as a correct representation under the

Poincare symmetry. Therefore, we call them non-full spin content contributions. Based on

the discussion in [49, 52]9, we interpret this part as the contribution to the extra degrees

of freedom appearing from the parallel 5-branes explained above. It should therefore be

removed. To obtain the superconfomral index from the topological string partition function,

we have to eliminate all the non-full spin content from the partition function. Schematically,

the partition function can be expressed as a sum of Young diagrams assigned to the product

of strip geometries as

ZTN
=

1

Znon-full spin

∑
Y

N∏
i=1

Zstrip
i (Y ) . (1.2)

The factor Znon-full spin is the BPS spectrum which does not form a representation of the

Poincare symmetry, and Zstrip is the partition function of the strip geometry.

Finally, the 5D version of AGTW which suggests that 5D Nekrasov partition functions

are equal to correlation functions of q-deformed WN Toda, implies the following relation

between the superconformal index and the correlation function of the corresponding q-

deformed Toda field theory:

I5D(u, x, y) =

∫
[daα]

∣∣∣Z5D
Nek(a,m, β, ϵ1,2)

∣∣∣2 = ⟨Vα1(z1) · · ·Vαn(zn)⟩q-Toda. (1.3)

The partition functions of the TN brane junctions predict, up to an overall coefficient, the

corresponding DOZZ three-point function.

8In 4D and even dimensions in general, the superconformal index cannot be obtained from the Nekrasov

partition function, see for example [51]
9The non-compact modes of the moduli of the wrapped M2-branes do not form a correct representation

of the Poincare symmetry.

– 4 –



The organization of the paper is as follows: In section 2, we explain the procedure

of obtaining the 5-brane junction of [5]. This is done by pulling the 7-branes out of the

5-brane loop. In section 3, we compute the SW curve for the 5-brane junction. Although

the full E6 global symmetry is not immediately manifest, we discuss how it is realized. We

also analyze the 4D limit of this 5D SW curve, and show that it reproduces the known

4D curve. In section 4, we compute the 5D superconformal index of SU(2) gauge theories

with Nf = {0, . . . , 5} from the topological string partition functions and show that they

coincides with the results in [50]. Furthermore, we discuss the generalization to TN . In

section 5, we discuss applications of our result in the context of the AGTW relation. We

also discuss how the Nekrasov partition function of the 5D TN CFT predicts the generic

three point function of the q-deformed WN Toda theory. Lastly, section 6 is devoted to

conclusions and discussions.
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2. 7-branes and the (p, q) web diagram of T3

In this section we review the brane construction of the 5D gauge theories. In particular,

we see that the 5D SU(2) gauge theory with Nf = 5 flavors is identified as a 5D T3

multi-junction [5] at the level of the brane setup10.

Many 5D gauge theories are realized as the world volume theories of the type IIB (p, q)

5-brane webs [21], which is a 5D uplift of the well-known Hanany-Witten brane construction

of four dimensional N = 2 gauge theories [18]. This web construction can be generalized

by introducing 7-branes [29] without further breaking any supersymmetry. Strings can

stretch between the D5 branes and the D7 branes rendering quark hypermultiplets in the

fundamental representation of the color group. Thus, adding D7-branes leads to an extra

hypermultiplet in the fundamental representation.

(b) (c)(a) (d)

Figure 1: In this figure, the possible ways of constructing SU(2) gauge theory with Nf = 1

are depicted. The blue circle denotes the 7-brane, the solid lines the (p, q) 5-branes and the

dashed lines the branch cuts that start from the 7-branes and extend to infinity. In part (a)

we have a 5-brane loop with five 7-branes in it. In part (b) we pulled four of the 7-branes

out of the 5-brane loop. In part (c) we also pull out the fifth 7-brane. In part (d) we pulled

the 7-branes to infinity and are left with a 5-brane web.

The 7-branes allow the construction of SU(2) gauge theories with up to Nf = 8

flavors [29]. An elementary example of how it works is depicted in figure 1. Consider the

(p, q) web configuration of the pure SU(2) gauge theory and add a 7-brane at the center

of the web-toric diagram. The 5-branes fill the 01234 directions and form webs in the 56

plane. The 7-branes fill the 01234789 directions and are point like in the 56 plane. Adding

multiple 7-branes inside the 5-brane loop increases the number of the hypermultiplets, and

the gauge symmetry of the 7-branes becomes the flavor symmetry of the 5D theory under

the consideration, see [29,30]. The 5-brane web on a generic point of the Coulomb branch

leads to a 5D theory at intermediate energy scales. The fixed point theory is realized nicely

as a collapsed limit of the 5-brane loop [21]. We can thus understand the En SCFTs from

the perspective of the type IIB brane configuration.

The 7-branes are filling (7+1) dimensions while being pointlike in the remaining two

(56 plane). They are the magnetic sources of the dilaton-axion scalar τ = χ+ ie−ϕ. This

complex scalar experiences a monodromy around each 7-brane, which is accounted for by

introducing a branch cut associated with each 7-brane [41–46]. The branch cut that starts

10F.Y. thanks Dan Xie for discussion on this point.
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from a 7-brane and goes to infinity is depicted in figure 1 by a dashed line. A generic

7-brane setup is specified by listing the 7-branes in the order in which their branch cuts

are crossed when encircling them in a counterclockwise direction.

A 7-brane is labeled by two relatively prime integers (p, q)11. The dilaton-axion scalar

τ transforms with the SL(2,Z) monodromy matrix K(p,q) when crossing the cut of a (p, q)-

brane. Combining the two charges as a vector

(
p

q

)
, the monodromy matrix K(p,q) reads

K(p,q) = 1 +

(
p

q

)(
p q
)
S =

(
1 + pq −p2

q2 1− pq

)
, (2.1)

where S
def
=

(
0 −1

1 0

)
.

In a generalized (p, q)-web containing both 5- and 7-branes, when a (p, q) 5- or 7- brane

crosses the branch cut of a (P,Q) 7-brane it changes into a (p′, q′) 5- or 7-brane according

to the rule (
p′

q′

)
=

(
1 + PQ −P 2

Q2 1− PQ

)(
p

q

)
. (2.2)

In the example depicted in figure 1 (b), the branch cut attached to an (−1, 0) 7-brane

generates a monodromy around the same brane given by the matrix in (2.2), which here

reads

K(−1,0) =

(
1 1

0 1

)
. (2.3)

At the same time, the 5-branes that are swapped by the branch cut change their charges

according to

(0, 1) → (1, 1), (−1, 1) → (0, 1), (−1, 0) → (−1, 0). (2.4)

Due to the (p, q) 5-brane charge conservation, when an NS5-brane is swapped by a branch

cut a new D5-brane attached to the D7-brane is generated.

Now that we have explained how the monodromy works, we will derive the T3 multi-

junction starting from the SU(2) gauge theory with Nf = 5 flavors. One possible brane

setup is depicted in figure 2, where all the five flavors are due to the 7-branes. Giving

mass to a fundamental hypermultiplet corresponds to moving the 7-brane vertically. This

is depicted in figure 2 (b). On contrary, moving the 7-branes horizontally will not change

the theory. The next step is to move the four 7-branes horizontally out of the 5-brane

loop and use the monodromy rule (2.2) to obtain figure 3 (a). In figure 3 (a) we insist on

drawing the (0,1) 7-brane on which one of the NS5-branes ends (the upper right one) at

finite distance, so that we can pull out the remaining 7-brane (to the left) without intersect

any of the 5-branes (see figure 3 (b)). After flopping, we obtain figure 3 (c), which still

keeps the natural interpretation of the SU(2) theory with five flavors. This is also drawn

in figure 4 (b) without the 7-brane with the branch cut that we have pushed all the way

to infinity.

11This up to a sign, since a (p, q) 7-brane is the same object as a (−p,−q) 7-brane.
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(a) (b)

Figure 2: To obtain the SU(2) gauge theory with Nf = 5, we begin with the pure SU(2)

web-toric diagram with five D7 branes inserted. In the first part of the figure all the flavors

have the same mass, and the symmetry enhancement is manifest. In the second part of the

figure, a mass deformation is performed by moving the 7-branes vertically.

(a) (b) (c)

Figure 3: Then, from the mass deformed configuration, we pull the 7-branes outside of

the NS5-branes following the Hanany Witten effect. Lastly, after a flop on the lower right

leg of the diagram we arrive at the E6 web-toric diagram suggested by Benini, Benvenutti

and Tachikawa.

We can now look at figure 4 (b) and move the (0, 1) 7-brane downwards without

altering the theory. By moving it downwards across the 5-brane and using the rule (2.1),

we obtain figure 4 (a), which is exactly the T3 multi-junction introduced in [5].

(a) (b) (c)

Figure 4: Part (a) shows the brane setup of T3, part (b) the setup of SU(2) gauge theory

with five flavors and part (c) the setup of SU(3) gauge theory with six flavor.
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It is also interesting to demonstrate the other description. By moving the (0, 1) 7-

brane in figure 4 (b) upwards across the 5-brane and using the rule (2.1), we obtain

figure 4 (c). Here, two (0, 1) 5-branes are attached to a single (0, 1) 7-brane, and one of

the (0, 1) 5-branes “jumps over” [5] the upper right D5-brane. It should be understood

as a certain limit of the SU(3) gauge theory with six flavors. This is the 5D uplift of the

Argyres-Seiberg duality, which states that the four dimensional E6 CFT is obtained at the

strong coupling limit of the four dimensional SU(3) gauge theory with six flavors. This

interpretation is further investigated in section 3 at the level of the Seiberg-Witten curve.

In particular, we show that the E6 SW curve can be obtained form the curve for the SU(3)

gauge theory with six flavors by constraining it’s parameters as (3.11).

We conclude this section by noting that it is also possible to demonstrate, in a similar

fashion, that the TN multi-junction is realized as a certain limit of the SU(N) quiver gauge

theory, which we also briefly discuss in section 3.
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3. Seiberg-Witten curves

In this section we derive the SW curve of the 5D TN junctions and take their 4D limit.

We pay special attention to the T3 junction that is the first non-trivial example and show

how the E6 Weyl symmetry is realized. We also show that the 5D TN junction curves can

be obtained from the curves of SU(N)N−2 quiver gauge theory when the gauge coupling

constants and some of the Coulomb moduli parameters are tuned to be certain values. In

this section we follow closely [24] where our conventions were defined and the procedure

was explained in great detail.

3.1 Seiberg-Witten curves from M-theory

d
e
g
r
e
e
 
o
f
 

degree of 

(a) (b)

Figure 5: Part (a) shows the toric diagram and part (b) the brane setup for E6 CFT.

We start from the brane setup of figure 5. The toric diagram associated with this

configuration is depicted in part (a) of figure 5 and its associated SW curve is given by the

polynomial equation [5, 23]
3∑

I,J≥0
I+J≤3

CIJT
IW J = 0, (3.1)

where each vertex of the toric diagram corresponds to each coefficient [21,27]. The bound-

ary condition depicted in part (b) of figure 5 leads to the following list of equations relating

the parameters CIJ :(
T → 0 ⇒ W → M̃I

)
⇒

3∑
I=0

C0IW
I = C03

3∏
I=1

(W − M̃I),

(
W → 0 ⇒ T → ÑI

)
⇒

3∑
I=0

CI0T
I = C30

3∏
I=1

(T − ÑI),

(
|T | ∼ |W | → ∞ ⇒ W → −L̃IT

)
⇒

3∑
I=0

CI3−IT
IW 3−I = C03

3∏
I=1

(W + L̃IT ).

(3.2)

Compatibility of these three equations imposes the constraint:

M̃1M̃2M̃3 = Ñ1Ñ2Ñ3L̃1L̃2L̃3. (3.3)
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By rescaling the coordinates W and T , we can choose the parameters of the curve to obey

the relations

M̃1M̃2M̃3 = 1, Ñ1Ñ2Ñ3 = 1, L̃1L̃2L̃3 = 1, (3.4)

which then implies C30 = C03 = −C00. Thus, putting the conditions of (3.2) and (3.4)

together, we find that the SW curve for the brane configuration of figure 4 is given by the

equation

W 3 −

(∑
I

M̃I

)
W 2 +

(∑
K

L̃K

)
W 2T +

(∑
I

M̃I
−1

)
W + UWT

+

(∑
K

L̃K
−1

)
WT 2 − 1 +

(∑
J

ÑJ
−1

)
T −

(∑
J

ÑJ

)
T 2 + T 3 = 0, (3.5)

where U is a free parameter.

We would like to obtain also the expression of the curve based on the brane setup (c)

in Figure 4, which is obtained from (a) in Figure 4 by moving one of the (0, 1) 7-branes

upward accross the three (1,1) 5-branes. In [23], the authors introduced the coordinate

change which moves the flavor D5-branes from one hand side to the other side in the brane

setup for the 5D SU(N) theory with Nf flavor. We expect that (a) and (c) in Figure

4 are also related by analogous coordinate change. For that, we first observe that the

W -independent part of (3.5) can be written as

3∏
I=1

(T − ÑI) = Ñ3
3 (t− Ñ1Ñ

−1
3 )(t− Ñ2Ñ

−1
3 )(t− 1), (3.6)

where we have set t = Ñ−1
3 T . Then, if we perform the coordinate change

W = −Ñ1
− 1

3 Ñ3
1
3 (t− 1)w, T = Ñ3t, (3.7)

we can factor out a piece of (t− 1) from the curve to obtain the compact expression

3∏
i=1

(w − m̃i)t
2 +

[
−2w3 +

6∑
i=1

m̃iw
2 + U1w +

(
1 +

6∏
i=1

m̃i

)]
t+

6∏
i=4

(w − m̃i) = 0, (3.8)

where we have defined the new parameters {m̃i}6i=1 and U1 as

m̃i =


(
Ñ1

1
3 Ñ3

2
3

)
L̃i for i = 1, 2, 3(

Ñ1
1
3 Ñ3

− 1
3

)
M̃i−3 for i = 4, 5, 6

and U1 = Ñ
2
3
1 Ñ

1
3
3 U. (3.9)

We interpret that the expression (3.8) corresponds exactly to (c) in figure 4.

We can easily see that the curve described by (3.9) is a special case of the general 5D

SU(3) Nf = 6 SW curve [24,53]

3∏
i=1

(w − m̃i)t
2 +

[
−

(
1 + q

6∏
i=1

m̃
− 1

2
i

)
w3 + U2w

2

+U1w +

(
1 + q

6∏
i=1

m̃
1
2
i

)]
t+ q

6∏
i=1

m̃
− 1

2
i

6∏
i=4

(w − m̃i) = 0, (3.10)
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if we constrain the additional parameters as

q =

6∏
i=1

m̃i
1
2 , U2 =

6∑
i=1

m̃i. (3.11)

This is the 5D uplift of the state given in [6] and that the 4D E6 CFT is obtained at the

strong coupling limit of the 4D SU(3) theory with six flavors.

We end this subsection, by noting that equation (3.8) defines a curve of genus one.

This is seen by solving (3.8) for t in terms of w. For illustration, the discriminant of this

quadratic equation for the general curve in equation (3.10) reads

∆ =

(
1− q

6∏
i=1

m̃
− 1

2
i

)2

w6 + 2

2q
6∏

i=1

m̃
− 1

2
i

6∑
j=1

m̃i − U2

(
1 + q

6∏
i=1

m̃
− 1

2
i

)w5

+

U2
2 − 2

(
1 + q

6∏
i=1

m̃i
− 1

2

)
U1 − 4q

6∏
i=1

m̃i
− 1

2

6∑
i<j=1

m̃im̃j

w4 + · · · , (3.12)

which reduces to a degree four polynomial if equations (3.11) hold, meaning that two

branch points get sent to infinity and that we are dealing with a genus one curve.

3.2 Discrete symmetry

Due to the introduction of the mass parameters, the global E6 symmetry is broken to a

discrete symmetry, which consists of the Weyl symmetry together with the S3 symmetry of

the extended Dynkin diagram. It is straightforward to show this discrete symmetry group

for the curve derived in the previous subsection.

(a) (b)

Figure 6: Part (a) of this figure shows the first maximal embedding SU(3)3 ⊂ E6, while

part (b) depicts the second one SU(6)× SU(2) ⊂ E6.

First, the Weyl symmetry of the SU(3)3 subgroup of E6 is manifest in the curve (3.5)

as permutations of the mass parameters

M̃I ↔ M̃J , ÑI ↔ ÑJ , L̃I ↔ L̃J . (3.13)

Notice that SU(3)3 is a maximal subgroup of E6, as depicted in the extended Dynkin

diagram in part (a) of figure 6. In addition, we can rewrite the curve in a way that makes
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another piece of the Weyl symmetry apparent. For this purpose, we set M̃ =
∏6

i=1 m̃i and

define

U1 = M̃
1
3U ′

1, m̃i = M̃
1
6 m̃′

i, w = M̃
1
6w′, t =

M̃
1
2 t′∏3

i=1(w − m̃i)
. (3.14)

This transforms the alternative description of the curve (3.8) into

t′2 +

[
−2w′3 +

(
6∑

i=1

m̃′
i

)
w′2 + U ′

1w
′ +
(
M̃

1
2 + M̃− 1

2

)]
t′ +

6∏
i=1

(w′ − m̃′
i) = 0. (3.15)

In this formulation, the Weyl symmetry of another maximal subgroup of E6, namely

SU(6)× SU(2) becomes manifest, with the explicit parameter transformations

m̃′
i ↔ m̃′

j , M̃ ↔ M̃−1. (3.16)

The SU(6) × SU(2) maximal subgroup of E6 is depicted in figure 6. The complete Weyl

Figure 7: The Dynkin diagram of E6

symmetry of E6 is realized as follows. We recall that the non-vanishing entries of the

Cartan matrix are Cii = 2 and Cij = −1 if the node i is connected to the node j as

illustrated in figure 7. Denoting the simple roots of E6 by (αi)
6
i=1, the action of the Weyl

group generator associated to αi on the set of simple roots is given by αj 7→ αj −Cijαi. If

we now associate the simple roots to the parameters of the curve as

e−βα1 = L̃1L̃
−1
2 , e−βα2 = L̃2L̃

−1
3 , e−βα3 = L̃3Ñ3M̃

−1
1 ,

e−βα4 = M̃1M̃
−1
2 , e−βα5 = M̃2M̃

−1
3 , e−βα6 = Ñ2Ñ

−1
3 , (3.17)

we then get a well defined action of the Weyl group, which is shown to be generated

by the discrete symmetry (3.13) and (3.16) after a lengthy calculation. This indicates

that the curve (3.5) is invariant under the whole E6 Weyl symmetry up to coordinate

transformations.

In addition to the E6 Weyl symmetry already discussed, the original formulation (3.5)

of the curve has an S3 symmetry that is generated by two basic transformations σ and τ :

σ :T ↔ W, M̃j ↔ Ñj , L̃j → L̃−1
3−j , U1 → U1,

τ :W → −WT−1, T → T−1, M̃j ↔ L̃j , Ñj → Ñ−1
3−j , U1 → −U1.

(3.18)

We easily compute that σ2 = τ2 = 1 as well as στσ = τστ . This implies that σ and τ

together generate an S3 group, which we identify with the S3 symmetry of the extended

Dynkin diagram in figure 6.
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Here, we comment that our curve for 5D T3 junction investigated above is actually

equivalent to the curve for 5D E6 CFT obtained in [32–34]. In their expression, all of

its coefficients can be written in terms of E6 characters, which makes E6 Weyl symmetry

manifest. By comparing the modular function called “j-invariant” for the two curves, we

can show that the periods of the curves are identical up to SL(2, Z) modular transforma-

tion. It indicates the existence of the coordinate change from one to the other although its

explicit form is too complicated to write down. In appendix B, we discuss this check more

in detail.

3.3 4D limit of the E6 curve

We will now consider the four dimensional limit of the SW curve (3.8). Denoting the S1

circumference of the compactified 5D theory as β, we assume that the 4D coordinate v is

related to the 5D coordinate w as12

w = e−βv. (3.19)

The 4D coordinate t is set equal to the 5D coordinate t. Accordingly, we also assume that

the mass parameters of the 4D theory (mI) are related to those of the 5D theory (m̃I) as

m̃I = e−βmI , I = 1, . . . , 6. (3.20)

Moreover, the following β dependent variables are introduced for later convenience

M̃i = e−βMi , Ñi = e−βNi , L̃i = e−βLi . (3.21)

We also expand the Coulomb moduli parameter U1 in a power series

U1 =
∞∑
k=0

ukβ
k. (3.22)

The expansion of the SW curve (3.8) in terms of the radius β is straightforward, in partic-

ular the first and the last term become

(w − m̃1)(w − m̃2)(w − m̃3)t
2 = −β3(v −m1)(v −m2)(v −m3)t

2 +O(β4),

(w − m̃4)(w − m̃5)(w − m̃6) = −β3(v −m4)(v −m5)(v −m6) +O(β4).
(3.23)

These expressions indicate that a 4D SW curve will appear at the order of β3 when we

expand the full 5D curve in (3.8). Indeed, by setting

u0 = −6, u1 = 2

6∑
k=1

mk, u2 = −
∑

1≤k≤ℓ≤6

mkmℓ, (3.24)

12To simplify the notations we uses here a slightly different definition compared to our previous paper [24]

in which w = e−v/R5 . The difference is a rescaling of v by the factor 2πα′ due to the relation β = 2πα′

R5
.
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we find that up to order β2 (3.8) vanishes identically. Under these assumptions we can

read off a 4D SW curve at the β3 order of (3.8)

(v −m1)(v −m2)(v −m3)t
2 +

(
−2v3 +

6∑
k=1

mkv
2 −

∑
k<ℓ

mkmℓv − u

)
t

+(v −m4)(v −m5)(v −m6) = 0,

(3.25)

where the parameter u is defined as

u ≡ u3 −
1

6

6∑
k=1

mk
3 − 1

6

(
6∑

k=1

mk

)3

. (3.26)

This 4D curve can also be expressed as

(t− 1)2v3 − (t− 1)(S1t− S̃1)v
2 +

(
S2t

2 −
(
S2 + S1S̃1 + S̃2

)
t+ S̃2

)
v

−
(
S3t

2 + ut+ S̃3

)
= 0,

(3.27)

with the parameters Si and S̃i being defined as

S1 = m1 +m2 +m3, S2 = m1m2 +m2m3 +m3m1, S3 = m1m2m3,

S̃1 = m4 +m5 +m6, S̃2 = m4m5 +m5m6 +m6m4, S̃3 = m4m5m6. (3.28)

As noted in [6], these parameters should be interpreted as the Casimirs of the U(3)1×U(3)2
flavor symmetries.

Furthermore, we can introduce a new coordinate x which is related to the coordinate

v as

v = xt+
S1t− S̃1

3(t− 1)
. (3.29)

The 4D SW curve then takes the form

x3 =
P2(t)

t2(t− 1)2
x+

P3(t)

t3(t− 1)3
, (3.30)

where Pk(t) are polynomial functions with degree k in t

P2(t) =− S′
2t

2 +

(
S′
2 + S̃′

2 +
1

3
S1

2 +
1

3
S1S̃1 +

1

3
S̃1

2

)
t− S̃′

2,

P3(t) =S′
3t

3 −
(
S′
3 −

2

27
S1

3 − 1

9
S1

2S̃1 − u′
)
t2 +

(
S̃′
3 −

2

27
S̃1

3 − 1

9
S1S̃1

2 − u′
)
t− S̃′

3.

(3.31)

Here, we have shifted the Coulomb moduli parameter as

u′ ≡ u+
1

3
(S1S̃2 + S̃1S2) (3.32)
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and have introduced the SU(2)× SU(2) Casimirs:

S′
2 ≡ S2 −

1

3
S1

2 = L1L2 + L2L3 + L3L1,

S′
3 ≡ S3 −

1

3
S1S2 +

2

27
S1

3 = L1L2L3,

S̃′
2 ≡ S̃2 −

1

3
S̃1

2 = M1M2 +M2M3 +M3M1,

S̃′
3 ≡ S̃3 −

1

3
S̃1S̃2 +

2

27
S̃1

3 = M1M2M3.

(3.33)

The expressions after the second equality signs follow from the relations (3.4), (3.9) and

(3.28). This form of the SW curve has previously been used by Gaiotto. For the massless

case, (3.30) coincides with Eq. (3.10) in [1]. This SW curve can be interpreted as the triple

cover of a sphere with three punctures. It is straightforward to see that the curve has poles

at t = {0, 1,∞}.
Let us look at the poles more closely starting at t = 0. By looking at (3.30) we see

that around t = 0

x =
C

t
+O(1). (3.34)

After substituting it into (3.30), one obtains

C3 = P2(0)C − P3(0), (3.35)

which has the solutions

C = {M1,M2,M3} . (3.36)

Observe that these are the mass parameters associated with the SU(3) puncture at t = 0.

Similarly, at t = ∞ we substitute

x =
C ′

t
+O(t−2) (3.37)

into (3.30) to obtain

C ′3 = lim
t→∞

P2(t)

t2
C ′ + lim

t→∞

P3(t)

t3
. (3.38)

Solving for C ′ yields

C ′ = {L1, L2, L3} . (3.39)

These are the mass parameters associated with the SU(3) puncture at t = ∞. Note that

when computing the contour integral∮
t=∞

xdt =

∮
t=∞

C ′

t
dt =

∮
s=0

C ′

s
ds ∼ C ′, (3.40)

with s = 1
t , the extra minus sign from dt

t = −ds
s is canceled by changing the direction of

the contour.

Lastly, at t = 1

x =
C ′′

t− 1
+O(1) (3.41)
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yields the equation

C ′′3 = P2(1)C
′′ + P3(1). (3.42)

Solving for C ′′, we find

C ′′ =

{
−1

3
S1 −

2

3
S̃1,

2

3
S1 +

1

3
S̃1,−

1

3
S1 +

1

3
S̃1

}
= −{N1, N2, N3} (3.43)

These are the mass parameters associated with the puncture at t = 1. They are originally

the mass parameters associated with the U(1)1 and the U(1)2 puncture, respectively. How-

ever, t = 1 corresponds to a third SU(3) puncture, which is generated by decoupling the

sphere with two U(1) punctures from the two SU(1) punctures. This interpretation is also

consistent with the picture that the E6 gauge theory corresponds to a sphere with three

SU(3) punctures.

As a side remark, the relation between the 4D coordinates {t, v} and the 5D coordinates

{T,W} in (3.7)

T = Ñ3t, W = Ñ1
− 1

3 Ñ3
1
3 (t− 1)e−βv (3.44)

is different from the corresponding relation given in [5].

3.4 4D limit and strong coupling limit

Noticing that the constraint (3.11) becomes q → 1 in the 4D limit β → 0, it is therefore

natural to consider the constraint (3.11) being the 5D uplift of the strong coupling limit

of the 4D SU(3) theory with six flavors, leading then to the 4D E6 CFT [6]. However, the

4D limit and the strong coupling limit may not commute a priori. In order to clarify this

point, we consider here a more general way to take the 4D limit of the SW curve.

We start from the curve (3.10) for the general 5D SU(3) theory with six flavors. By

expanding the Coulomb moduli parameters as

U1 =
∞∑
k=0

u1
(k)βk, U2 =

∞∑
k=0

u2
(k)βk, (3.45)

it is shown below that the 4D limit does not depend on u(k) with k ≥ 4, which we then

can put to zero.

For the E6 theory, one of the Coulomb moduli parameters obeys

U2 =

6∑
i=1

m̃i, (3.46)

yielding

u2
(0) = 1, u2

(1) = −
6∑

i=1

mi, u2
(2) =

1

2

6∑
i=1

mi
2, . . . (3.47)

after a Taylor expansion.

It is worth to emphasize that the 4D limits of the E6 CFT and a generic SU(3) six flavor

theory are slightly different. In the E6 case, we have the relation (3.11) q =
∏6

i=1(m̃i)
1/2,
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which means that q → 1 in a specific way when we take the 4D limit. On the other hand,

for the SU(3) theory, q is regarded as being constant. Only after taking the 4D limit we

put q → 1. Thus, it is not obvious that the two procedures give the same result. In order

to compare the two 4D limits, we also expand q in terms of β

q =

∞∑
k=0

q(k)βk. (3.48)

For the E6 theory, we have

q(0) = 1, q(1) = −1

2

6∑
i=1

mi, q(2) =
1

2

(
1

2

6∑
i=1

mi

)2

, q(3) = −1

6

(
1

2

6∑
i=1

mi

)3

, . . .

(3.49)

while for an SU(3) theory, we have

q(0) = q4D, q(1) = q(2) = q(3) = · · · = 0. (3.50)

By expanding the curve (3.10) in powers of β, the corresponding 4D SW curve is again

obtained at the order β3. Constraining the lower expansion coefficients (β0, β1, β2) of the

curve to vanish, we find the following relations among the parameters:

u1
(0) = −3− 3q(0), u2

(0) = 3 + 3q(0),

u
(1)
1 =

1

2
q(0)

6∑
k=1

mk − 3q(1), u
(1)
2 =

1

2
q(0)

6∑
k=1

mk + 3q(1),

u
(2)
1 = −u

(2)
2 +

6∑
k=1

mkq
(1).

(3.51)

Further, the 4D SW curve becomes

0 =(v −m1)(v −m2)(v −m3)t
2

+

(
−(1 + q(0))v3 + q(0)

6∑
k=1

mkv
2 + ũ1v + ũ2

)
t

+ q(0)(v −m4)(v −m5)(v −m6),

(3.52)

where we have defined

ũ1 ≡ u
(2)
2 − 3

8
q(0)

(
6∑

k=1

mk

)2

− 1

2
q(1)

6∑
k=1

mk − 3q(2),

ũ2 ≡ −u
(3)
1 − u

(3)
2 +

1

24
q(0)

(
6∑

k=1

mk

)3

+ q(2)
6∑

k=1

mk.

(3.53)

This is the SW curve of the SU(3) theory with six flavors, if we identify q(0) = q4D as

in (3.50). It is remarkable that all the higher order terms in the expansion of q are absorbed
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by the definition of the 4D Coulomb moduli parameters. In (3.52), only the leading order

q(0) appears explicitly. Therefore, the difference between the two expansions (3.49) and

(3.50) will not be seen in the 4D curve itself, if we further take the limit q0 = q4D → 1.

Thanks to this feature, the 4D limit and the strong coupling limit are commuting here.

By inserting (3.47) and (3.49) into (3.53), we obtain

q(0) = 1, ũ1 = −
∑
i<j

mimj . (3.54)

The curve (3.52) then coincides with the 4D E6 curve in (3.25).

3.5 The curve for general TN

The analysis of the previous sections can be generalized to the TN theory with a generic

N . The SW curve for TN theory has the form∑
i≥0 , j≥0 , i+j≤0

CijT
iW j = 0, (3.55)

with the coefficients

C0i = (−1)N−iSN−i(M̃) , Cj0 = (−1)N−jSN−j(Ñ) , Ci,N−i = Si(L̃) . (3.56)

We have introduced the elementary symmetric polynomials Sn in the above expressions,

in particular

Sn(M̃) =
∑

1≤i1<i2<···<in≤N

M̃i1M̃i2 · · · M̃in , (3.57)

with M̃i, Ñi and L̃i satisfying the constraints

N∏
i=1

M̃i =

N∏
i=1

Ñi =

N∏
i=1

L̃i = 1. (3.58)

The rest of the coefficients Cij corresponds to various Coulomb moduli Ui. There are
1
2(N − 2)(N − 1) in total.

We now perform the coordinate transformation13

W = −(t− 1)w, T = ÑN t, (3.59)

which we interpret as moving the (0, 1) 7-brane attached to one of the NS5-branes. One

N = 4 example is given in figure 8.

After factoring out (t− 1), we obtain a polynomial of degree N − 1 in t and N in w

0 = (t− 1)N−1wN +
(
S1(M̃)− ÑNS1(L̃)t

)
(t− 1)N−2wN−1 + · · ·+ (ÑN )N

N−1∏
i=1

(
t− Ñi

ÑN

)

=

(
N∏
i=1

(w − ÑN L̃i)

)
tN−1 + · · ·+

N∏
i=1

(w − M̃i). (3.60)

13In the previous section, we rescaled W such that the center of mass of the color branes sits at W = 1.

Here, we omit this rescaling.
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(a) (b)

Figure 8: Part (a) of the figure shows the brane setup of T4. Part (b) shows the brane

setup of a special limit of the SU(4)× SU(4) quiver gauge theory.

This curve is consistent with figure 8 since N − 1 NS5-branes are coinciding in the w → ∞
limit. This is the special case of the SW curve for the SU(N)N−2 quiver gauge theory,

where the gauge coupling constants and some of the Coulomb moduli parameters are tuned

to be certain specific values depending on the mass parameters. This is the 5D uplift of

the known statement that the 4D TN theory is constructed from the 4D SU(N)N−2 quiver

gauge theory [1].

The SU(N)3 symmetry is the full symmetry of the TN theory for N > 3. (Check this

statement.) The check of the Weyl symmetry would therefore be trivial.

The 4D limit can be obtained analogously by using the same coordinate transformation

(3.44) up to an overall rescaling of T and W together with the parametrization (3.21). The

4D curve appears at the order βN

0 =

(
N∏
i=1

(v − (NN + Li))

)
tN−1 + · · ·+

N∏
i=1

(v −Mi). (3.61)

In order to bring the above expression into Gaiotto’s form, we first shift v as

v = vnew + f(t) (3.62)

so that the vN−1 term disappears. Moreover, for a such term to vanish at t → 0 and

t → ∞, the constraints

f(0) = 0, f(∞) = NN (3.63)

have to be satisfied. Under these conditions, we find the asymptotic behavior

vnew ∼ Mi (t → 0), vnew ∼ Li (t → ∞), (3.64)

which imply that x ≡ vnew/t has poles at t = 0 and t = ∞. The residues at these poles are

Mi and Li, respectively. Furthermore, we expect the curve to have a pole at t = 1 with

the residue Ni as well, but this is less trivial to show.
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4. Nekrasov partition functions from topological strings

The main result of this section is the derivation of the topological string partition functions

for the TN junctions. We read them off from the corresponding toric diagram using the

refined topological vertex [47] (see also [48]). We begin the section by reviewing the rules

of the topological vertex construction and apply them to the SU(2) gauge theories with

Nf = 0, . . . , 4. By comparing them with the corresponding 5D superconformal indices of

[50], we discover the presence of extra non-full spin content contributions in the topological

string partition functions. In subsection 4.3, we argue that these non-full spin content

contributions are of stringy nature and that they should be removed in order to obtain

the correct Nekrasov partition functions that reproduce the 5D superconformal indices.

With this knowledge at hand, we compute the topological string partition function for

the T3 junction and compare its index with the known results. We then generalize this

by calculating the partition functions for the general junctions and finish by deriving a

product formula for the partition function of the simplest junction T2.

4.1 From toric diagrams to partition functions

The purpose of this subsection is to review the rules for reading off the refined topological

string partition function from a toric diagram. We begin by defining the main building

blocks that will enter the partition function. Similar to Feynman diagrams, the procedure

associates functions to the edges and the vertices of the toric diagram, called edge and

vertex factors respectively. The full partition function is then obtained as the product

of all the edge and vertex functions, summed over all possible partitions associated with

internal edges. For a description of the computation of the topological partition function

in the unrefined case, the reader is referred to [54].

First we will give a couple of preliminary definitions. The Ω background parameters t

and q that enter the refined topological string partition function are

q = e−βϵ1 , t = eβϵ2 . (4.1)

Letting λ = (λ1, λ2, . . . , ) be a partition, we define

|λ| def
=

∑
(i,j)∈λ

1 =

ℓ(λ)∑
i=1

λi, ||λ||2 def
=

∑
(i,j)∈λ

λi =

ℓ(λ)∑
i=1

λ2
i . (4.2)

Given a toric diagram, the determination of the topological string partition function is

done in several steps that we shall now describe carefully.

1. We begin by drawing the toric diagram and picking a preferred direction, which has

to be chosen in a such a way that each vertex is connected to exactly one edge that

points in the preferred direction. In our illustrations, the preferred direction edges

are marked by two red strips.

2. Each edge is associated with a partition λ, an arrow pointing towards one of the two

vertices of the edge, a vector v with integer coefficients and an integer η. In addition,
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Figure 9: This figure illustrates the numbering of the edges.

each edge is of a given length ℓ. The partition λ of the exterior lines of the diagram

has to be empty.

3. The arrows are chosen such that they are either all incoming or all outgoing at every

vertex. The vectors v with integer coefficients point in the direction of the arrows.

At each vertex, we number the vectors of the adjacent edges clockwise and impose

the charge conservation condition

3∑
i=1

vi
!
= 0. (4.3)

Furthermore, we define the bilinear antisymmetric operation ∧ as

v ∧ w
def
= v1w2 − v2w1 , (4.4)

and require

vi ∧ vi+1
!
= −1 . (4.5)

We see in the example of figure 9 that v1 ∧ v2 = v2 ∧ v3 = v3 ∧ v1 = −1.

4. To each edge with vector v, we associate an incoming vector vin and an outgoing vector

vout as follows. First choose vin to be one of the two vectors that point towards one

of the two vertices that the edge connects. Then vout is determined to be the one

outgoing vector that has a positive scalar product with vin. For example, in figure 10,

Figure 10: This figure gives an example for the determination vin and vout.

we can choose v1 to be vin, which then implies that v3 is vout. Alternatively, we can

choose v2 to be vin in which case v4 is vout. We then associate a number η to the

edge of v according to

η
def
= vin ∧ vout. (4.6)

Due to the constraints (4.3) and (4.5), the number η does not depend on the choice

of vin.
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5. Each end of an edge that is not oriented along the preferred direction is labeled by

either t or q according to the following rules. We start by labeling the end of an

arbitrary non-preferred segment by either t or q. The other end of that segment

is then labeled by the other variable. As soon as one makes a choice for one edge,

the associations for the rest of the diagram are uniquely determined as illustrated

in figure (11). However, the topological string partition function should not depend

Figure 11: This figure illustrates the way the t and q variables are placed.

on the choice of the original placement of t and q, see [55] for examples where this

invariance has been checked.

6. We define the framing factor functions, of which we use two14, namely:

fν(t, q)
def
= (−1)|ν|t

||νt||2
2 q−

||ν||2
2 , f̃ν(t, q)

def
= (−1)|ν|t

||νt||2+|ν|
2 q−

||ν||2+|ν|
2 . (4.7)

They obey the exchange relations

fνt(q, t) = fν(t, q)
−1, f̃νt(q, t) = f̃ν(t, q)

−1. (4.8)

We then associate to the edge with partition λ and number η a framing factor, which

depends on the preferred direction and the association of t and q to the edges, as

shown in figure 12.

Figure 12: This figure shows all the possible ways to associate a framing factor to an

edge.

.

14Our f̃ is different from the one of Iqbal and Kozçaz [56], specifically f̃our
ν (t, q) = (t/q)|ν|f̃ IK

ν (t, q).

– 23 –



In addition, the Kähler moduli of an edge with vector v = (p, q) is given by the

equation

Q = exp

(
− βℓ

2πα′
√

p2 + q2

)
, (4.9)

where ℓ is the length of the edge and β is the circumference of the fifth dimensional

circle. The full edge factor is then

edge factor
def
= (−Q)|λ| × framing factor. (4.10)

7. Within our conventions the refined topological vertex reads:

Cλµν(t, q)
def
= q

||µ||2+||ν||2
2 t−

||µt||2
2 Z̃ν(t, q)

∑
η

(q
t

) |η|+|λ|−|µ|
2

sλt/η(t
−ρq−ν)sµ/η(q

−ρt−νt),

(4.11)

where we have used the functions Z̃ν(t, q) defined in equation (A.1) in the appendix.

The sλ/µ(x) are the skew-Schur functions of the possibly infinite vector x = (x1, . . .).

We remind that for a partition ν, the vector t−ρq−ν is given by

t−ρqν = (t
1
2 q−ν1 , t

3
2 q−ν2 , t

5
2 q−ν3 , . . .). (4.12)

To each vertex we associate a vertex factor, namely a topological vertex function

Cλ1λ2λ3 , where the λi are the partitions associated to the lines connected to the

vertex, counted clockwise around the vertex such that the last edge is oriented along

the preferred direction. If the arrow of a segment is incoming towards the vertex,

then the associated partition gets transposed in the topological vertex. Whether we

Figure 13: The direction of the arrows determines whether the partitions or their trans-

pose enter the vertex factor. Counting clockwise with the preferred direction being last, if

t is associated with the end of the first edge and q with the end of the second, then the

variables enter in the order t, q in the vertex factor.

write Cλ1λ2λ3(t, q) or Cλ1λ2λ3(q, t) depends on the variables associated with the ends

on the segments as illustrated in figure 13.

Having performed all the steps in the list above, we can finally write the topological

string partition function as a sum over the partitions {λ1, · · · , λM} of the M internal edges

of the toric diagram

Z =
∑

λ1,··· ,λM

∏
edges

edge factor×
∏

vertices

vertex factor. (4.13)
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4.2 From zero to four flavors

In this subsection, we shall compute the topological string partition function for SU(2)

with the number of flavors ranging from zero to four. Using the same approach as [49],

we shall then calculate the resulting index and compare with the results of [50]. In so

doing, we find that it becomes necessary, starting at Nf = 2, to divide out the topological

string partition function by a factor that does not depend on the partitions entering the

computation of the instantonic part.

Let us warm up with the simple case of SU(2) zero flavor, for which the index was

computed using topological string partition function in [49]. The diagram is depicted in

figure 14 and the partitions of the internal lines are named, starting with the left one

and going clockwise, λ1, µ1, λ2 and µ2. Instead of giving the length of the internal lines

Figure 14: The diagrams for Nf = 0 and Nf = 1.

of the toric diagram, we prefer instead to directly give the Kähler parameter. Thus, for

example, the edge factor of the top horizontal edge is given by (−QB)
|µ1|f−1

µ1
(q, t). The

topological string partition function is then given, according to the rules of section 4.1, by

the expression:

Z0 =
∑
λ,µ

(−QF )
|λ1| f̃λ1(t, q) (−QF )

|λ2| f̃λ2(q, t) (−QB)
|µ1| f−1

µ1
(q, t) (−QB)

|µ2| f−1
µ2

(t, q)

× Cλt
1∅µt

1
(t, q)C∅λ1µ2

(t, q)Cλt
2∅µt

2
(q, t)C∅λ2µ1

(q, t), (4.14)

where λ is a vector of partitions (λ1, λ2, . . .) and similarly for µ . In a very similar manner,

we can also write down the partition function for Nf = 1, whose diagram is depicted on the

right side of 14. For one flavor, it does not matter on which external leg of the toric diagram

we attach the flavor brane and furthermore, the framing factor of the corresponding edge

is trivial. The result for the partition function reads

Z1 =
∑
λ,µ,ν

(−QF )
|λ1| f̃λ1(t, q) (−QF )

|λ2| f̃λ2(q, t) (−QB)
|µ1| f−1

µ1
(q, t) (−QB)

|µ2| f−1
µ2

(t, q)

× (−Q1)
|ν1|Cλt

1∅µt
1
(t, q)C∅λ1µ2

(t, q)Cλt
2∅µt

2
(q, t)Cν1λ2µ1(q, t)Cνt1∅∅(t, q). (4.15)

Before simplifying the sums of (4.14) and (4.15), let us consider the case of Nf = 2, 3, 4.

At two flavour, there are three a priori inequivalent toric diagrams as shown on figure 15.
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Figure 15: The three different toric diagrams for SU(2) with two flavors. The non-trivial

framing factors are identical to the one flavor case. To remove clutter, we denote only two

of the positions of t and q on the diagram and let the reader place the others.

The partition function corresponding to the diagram on the left side of figure 15 is given

by

Z2 =
∑
λ,µ,ν

(−QF )
|λ1| f̃λ1(t, q) (−QF )

|λ2| f̃λ2(q, t) (−QB)
|µ1| f−1

µ1
(q, t) (−QB)

|µ2| f−1
µ2

(t, q)

× (−Q1)
|ν1| (−Q2)

|ν2|Cλt
1∅µt

1
(t, q)C∅λ1µ2

(t, q)Cλt
2ν

t
2µ

t
2
(q, t)Cν1λ2µ1(q, t) (4.16)

× Cνt1∅∅(t, q)C∅ν2∅(t, q),

the one for the central diagram of figure 15 is

Z ′
2 =

∑
λ,µ,ν

(−QF )
|λ1| f̃λ1(t, q) (−QF )

|λ2| f̃λ2(q, t) (−QB)
|µ1| f−1

µ1
(q, t) (−QB)

|µ2| f−1
µ2

(t, q)

× (−Q1)
|ν1| (−Q2)

|ν2|Cλt
1∅µt

1
(t, q)Cν2λ1µ2(t, q)Cλt

2∅µt
2
(q, t)Cν1λ2µ1(q, t) (4.17)

× Cνt1∅∅(t, q)Cνt2∅∅(q, t),

while the one for the diagram on the right is

Z ′′
2 =

∑
λ,µ,ν

(−QF )
|λ1| f̃λ1(t, q) (−QF )

|λ2| f̃λ2(q, t) (−QB)
|µ1| f−1

µ1
(q, t) (−QB)

|µ2| f−1
µ2

(t, q)

× (−Q1)
|ν1| (−Q2)

|ν2|Cλt
1ν

t
2µ

t
1
(t, q)C∅λ1µ2

(t, q)Cλt
2∅µt

2
(q, t)Cν1λ2µ1(q, t) (4.18)

× Cνt1∅∅(t, q)C∅ν2∅(t, q).

The case of three and four flavors is similar to the one of zero and one flavor in the

sense that there is essentially only one inequivalent diagram for each, as illustrated by

figure 16. The partition functions read

Z3 =
∑
λ,µ,ν

(−QF )
|λ1| f̃λ1(t, q) (−QF )

|λ2| f̃λ2(q, t) (−QB)
|µ1| f−1

µ1
(q, t) (−QB)

|µ2| f−1
µ2

(t, q)

× (−Q1)
|ν1| (−Q2)

|ν2| (−Q3)
|ν3|Cλt

1ν
t
3µ

t
1
(t, q)C∅λ1µ2

(t, q)Cλt
2ν

t
2µ

t
2
(q, t) (4.19)

× Cν1λ2µ1(q, t)Cνt1∅∅(t, q)C∅ν2∅(t, q)C∅ν3∅(q, t)
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Figure 16: The toric diagrams for SU(2) with Nf = 3 and Nf = 4.

and

Z4 =
∑
λµν

(−QF )
|λ1| f̃λ1(t, q) (−QF )

|λ2| f̃λ2(q, t) (−QB)
|µ1| f−1

µ1
(q, t) (−QB)

|µ2| f−1
µ2

(t, q)

× (−Q1)
|ν1| (−Q2)

|ν2| (−Q3)
|ν3| (−Q4)

|ν4|Cλt
1ν

t
3µ

t
1
(t, q)Cν4λ1µ2(t, q) (4.20)

× Cλt
2ν

t
2µ

t
2
(q, t)Cν1λ2µ1(q, t)Cνt1∅∅(t, q)C∅ν2∅(t, q)C∅ν3∅(q, t)Cνt4∅∅(q, t).

We now wish to simplify the expressions (4.14) to (4.20). For this, it is convenient to

define the function Rλµ as

Rλµ(Q; t, q)
def
=

∞∏
i,j=1

(
1−Qti−

1
2
−λjqj−

1
2
−µi

)
. (4.21)

We can use this function to express in a compact way two well known identities involving

Schur functions, namely∑
λ

Q|λ|sλ/µ1
(t−ρq−ν1)sλt/µ2

(q−ρt−ν2) =

= Rν2ν1(−Q; t, q)
∑
λ

Q|µ1|+|µ2|−|λ|sµt
2/λ

(t−ρq−ν1)sµt
1/λ

t(q−ρt−ν2), (4.22)

as well as∑
λ

Q|λ|sλ/µ1
(t−ρq−ν1)sλ/µ2

(q−ρt−ν2) =

= Rν2ν1(Q; t, q)−1
∑
λ

Q|µ1|+|µ2|−|λ|sµ2/λ(t
−ρq−ν1)sµ1/λ(q

−ρt−ν2). (4.23)

If either of the partitions µi is empty, equations (4.22) and (4.23) allow us to simplify the

sums and replace them by an expression involving infinite products. Acting iteratively, the

sums of (4.14) to (4.15) can be reduces to sums over the two partitions µ1 and µ2 that are

associated to internal lines oriented along the preferred direction.

In order to keep the formulas of the next part short and tidy, we introduce the short-

hand

Z̃µ1µ2(t, q)
def
= t||µ1||2q||µ2||2Z̃µ1(q, t)Z̃µ2(t, q)Z̃µt

1
(t, q)Z̃µt

2
(q, t). (4.24)
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Furthermore, we shall often drop the explicit dependence of t and q, i.e. we shall write

f(Q) ≡ f(Q; t, q). (4.25)

Taking now the topological string partition functions (4.14) to (4.20) and applying the

identities (4.22) and (4.23), we obtain the result

Z0 =
∑
µ

Q
|µ1|+|µ2|
B

Z̃µ1µ2

Rµt
2µ

t
1
(QF

√
q
t )Rµt

2µ
t
1
(QF

√
t
q)
, (4.26)

for pure SU(2),

Z1 =
∑
µ

Q
|µ1|+|µ2|
B

Z̃µ1µ2Rµ1∅(Q1)Rµt
2∅(Q1QF )

Rµt
2µ

t
1
(QF

√
q
t )Rµt

2µ
t
1
(QF

√
t
q)
, (4.27)

for Nf = 1. In the Nf = 2 case, we find

Z2 =
∑
µ

Q
|µ1|+|µ2|
B

Z̃µ1µ2Rµ1∅(Q1)R∅µ2
(Q2)Rµt

2∅(Q1QF )R∅µt
1
(Q2QF )

Rµt
2µ

t
1
(QF

√
q
t )Rµt

2µ
t
1
(QF

√
t
q)R∅∅(Q1Q2QF

√
t
q)

, (4.28)

for the situation on the left of figure 15,

Z ′
2 = R∅∅(Q1Q2QF

√
t

q
)Z2 (4.29)

for the one depicted on the center and

Z ′′
2 =

∑
µ

Q
|µ1|+|µ2|
B

Z̃µ1µ2Rµ1∅(Q1)Rµ1∅(Q2)Rµt
2∅(Q1QF )Rµt

2∅(Q2QF )

Rµt
2µ

t
1

(
QF

√
q
t

)
Rµt

2µ
t
1

(
QF

√
t
q

) (4.30)

for the one on the right. Performing the sum in (4.30) on a computer for partitions µ with

|µ| < M for some large integer M , we experimentally uncover the identity

Z ′
2 = R∅∅

(
Q1Q2QB

√
q

t

)
Z ′′
2 . (4.31)

For Nf = 3, the partition function (4.19) becomes

Z3 =
∑
µ

Q
|µ1|+|µ2|
B

Z̃µ1µ2Rµ1∅(Q1)R∅µ2
(Q2)Rµ1∅(Q3)Rµt

2∅(Q1QF )R∅µt
1
(Q2QF )Rµt

2∅(Q3QF )

Rµt
2µ

t
1
(QF

√
q
t )Rµt

2µ
t
1

(
QF

√
t
q

)
R∅∅

(
Q1Q2QF

√
t
q

) ,

(4.32)

while for four flavor we get the similar expression

Z4 =
∑
µ

Q
|µ1|+|µ2|
B

Z̃µ1µ2

∏2
i=1Rµ1∅(Q2i−1)R∅µ2

(Q2i)R∅µt
1
(Q2iQF )Rµt

2∅(Q2i−1QF )

Rµt
2µ

t
1

(
QF

√
q
t

)
Rµt

2µ
t
1

(
QF

√
t
q

)
R∅∅

(
Q1Q2QF

√
t
q

)
R∅∅

(
Q3Q4QF

√
q
t

) .
(4.33)
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We would now like to use equation to in order to extact the 5D superconformal index

of protected states for the relevant gauge theory, as done in for example by [49] for the

zero flavor case. For this purpose, it is necessary to replace the variables t and q through

x and y via

t =
y

x
, q = xy, (4.34)

and to then carefully expand the partition functions for small x. This is problematic due

to the presence of infinite products in the definition of the Rλµ. To simplify the issue, we

separate the functions Rλµ into a finite product Nλµ that depends on the partitions and

an infinite product M that doesn’t according to equation (A.1). It is now trivial to replace

t and q by x and y in Nλµ(Q; t, q) and to expand for small x. On the other hand, the

function M first needs to be reformulated in such a way that a power series expansion for

small x becomes possible. This is done by the use of the following analytic continuation

rule for any Q:
∞∏

m=1

(
1−Qq−m+ 1

2

)−1
→

∞∏
m=1

(
1−Qqm− 1

2

)
. (4.35)

In order to compute the superconformal index, we need in addition to have a “complex

conjugation”, which for a arbitrary function f of the variables t, q and of the Kähler

parameters is given by

f̄(Q1, . . . , QM ; t, q)
def
= f(Q−1

1 , . . . , Q−1
M ; t−1, q−1). (4.36)

Of course, the above is not a complex conjugation for the case in which the variables are

not of unit modulus, and in particular not in the case we are interested in, for which t → ∞
and q → 0. Thus, it is better to view (4.36) as simply defining a new function f̄ .

Applying the replacement rule (4.35) to M and to M, we obtain

M(Q;x, y) =

∞∏
i,j=1

(1−Qxi+jyi−j), M(Q;x, y) =

∞∏
i,j=1

(1−Q−1xi+j−2yi−j). (4.37)

In compting the index, we need to also expand for small x the refined MacMahon function

M(t, q) = M(1; t, q) and its conjugate M(t, q). Applying (4.35) to M naively leads to a

trivial zero that has to be removed as shown in [49], with the result

M(x, y) =

∞∏
i,j=1

(i,j)̸=(1,1)

(
1− xi+j−2yi−j

)
. (4.38)

After these careful preparations, we can finally spell out the procedure for the computation

of the index. For any Nf , we parametrize the Kähler moduli Q = (QF , QB, Q1, Q2, . . .) as

QF = Ã2, QB = x0Ã
2, Qi = xiÃ

−1, (4.39)

where Ã is the Coulomb modulus and the xi will be determined later in such a fashion as

to make the symmetries manifest. Then, we take the topological string partition functions

Za and their conjugate Za, replace the functions Rλµ by M and Nλµ as determined by
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(A.1) and expand in a power series in x by the use of (4.37). The index is defined as the

contour integral over the Coulomb moduli [49]

I =
1

2

∮
|Ã|=ϵ

dÃ

2πiÃ
M(x, y)M(x, y)Z(Q;x, y)Z(Q;x, y), (4.40)

where ϵ > 0 is small enough so that the contour integral of (4.40) only picks up the residue

at zero.15

For the Nf = 0 and Nf = 1 case, application of (4.40) leads16 to

I0 = 1 + χ2(u1)x
2 + χ1(y)(1 + χ2(u1))x

3 + (1 + χ4(u1) + χ2(y)(1 + χ2(u1)))x
4 +O(x5),

I1 = 1 + (1 + χ2(u1))x
2 + χ1(y)(2 + χ2(u1))x

3 (4.41)

+(1 + χ4(u1)− χ1(u1)(u2 + u−1
2 ) + χ2(y)(2 + χ2(u1)))x

4 +O(x5),

where we have set x0 = u21 and x1 = u
− 1

2
1 u

1
2
2 in order to get full agreement with [50]. For the

pure SU(2) case, the global U(1) symmetry is enhanced to E1 = SU(2) and so the index

I0 organizes in representations of SU(2) that depend on the fugacity u1. In the Nf = 1

case, the enhanced global symmetry is E2 = SU(2)× U(1) and the variable u2 that takes

care of the U(1) factor is to be identified with eiρ/2 appearing under equation 4.12 in [50].

Starting with two flavors, we need to remove problematic factors from the partition

functions in order to obtain the index. Specifically, for Nf = 2, we set

Zren
2

def
= Z ′

2 = M
(
Q1Q2QF

t

q

)−1
Z2 = M

(
Q1Q2QB

)−1
Z ′′
2 (4.42)

and compute the index I2 using Zren
2 . Setting the parameter xi of (4.39) equal to x0 = u21,

x1 = u
− 1

2
1 u2u

1
2
3 and x2 = u

− 1
2

1 u−1
2 u

1
2
3 , we obtain

I2 =1 +
(
1 + χ2(u1) + χ1(u1)(u3 + u−1

3 ) + χ2(u2)
)
x2

+
(
χ1(y)(2 + χ2(u1) + χ1(u1)(u3 + u−1

3 ) + χ2(u2)
)
x3 +O(x4),

(4.43)

with u1, u2 and u3 counting the charges of the Cartan generators of SU(2)×SU(2)×U(1) ⊂
SU(3)×SU(2) = E3, as in [50], equation 4.12 et seqq. To make the full E3 = SU(3)×SU(2)

symmetry manifest however, it is preferable to instead parametrize as

x0 =
y1
y2

, x1 =

√
y2
y3

u, x2 =

√
y2
y3

u−1, (4.44)

so that the fundamental representation of SU(3) has the character y1+y2+y3. The fugacity

u is the variable associated to the SU(2) and we of course have
∏3

i=1 yi = 1

For three flavors, we claim that the renormalized partition function that gives the

correct index is

Zren
3 =

[
M
(
Q1Q2QF

t

q

)
M
(
Q1Q3QB

)]−1
Z3. (4.45)

15This statement is correct only after expanding in terms of x.
16In our normalization, the su(2) characters χl(u) of the l + 1 dimensional representation are given by

χl(u) =
∑l

m=0 u
l−2m = ul + ul−2 + · · ·+ u−l.
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Parametrizing the fugacities as

x0 =
y1
y2

, x1 =

√
y2y5
y3y4

, x2 =

√
y2y4
y3y5

, x3 =

√
y2y3
y4y5

, (4.46)

we recover the global symmetry E4 = SU(5) of the index which reads

I3 =1 + χE4

[1,0,0,1](y)x
2 + χ1(y)

(
1 + χE4

[1,0,0,1](y)
)
x3

+
(
χ2(y)(1 + χE4

[1,0,0,1](y)) + 1 + χE4

[2,0,0,2](y)
)
+O(x5).

(4.47)

In the above, [a1, a2, a3, a4] are the Dynkin labels of SU(5), with [1, 0, 0, 1] denoting the

adjoint and [2, 0, 0, 2] the 200-dimensional self-dual representation.

In the four flavor case, the renormalized partition function is

Zren
4 =

[
M
(
Q1Q3QB

)
M
(
Q3Q4QF

)
M
(
Q2Q4QB

t

q

)
M
(
Q1Q2QF

t

q

)]−1
Z4, (4.48)

as we shall justify in the next subsection, equation (4.60). Parametrizing the fugacities as

x0 =
y1
y2

, x1 =

√
y2y5
y3y4

, x2 =

√
y2y4
y3y5

, x3 =

√
y2y3
y4y5

, x4 =
√
y2y3y4y5, (4.49)

we make the enhanced E5 = Spin(10) symmetry of the index manifest. Specifically, for

this choice of the fugacities, the character of the vector representation of Spin(10) takes the

standard form
∑5

i=1(yi+y−1
i ). Plugging (4.48) into (4.40) leads to the following expression

for the index

I4 = 1 + χE5

[0,1,0,0,0](y)x
2 + χ1(y)

(
1 + χE5

[0,1,0,0,0](y)
)
x3 +O(x4), (4.50)

where [a1, . . . , a5] are the Dynkin labels of Spin(10), [0, 1, 0, 0, 0] being the 45-dimensional

adjoint.

4.3 Normalizing the partition functions

As we have discovered experimentally a procedure to obtain the correct superconformal

indices of the E1,··· ,5 SCFTs, we will move on to a theoretical formulation of our findings.

We saw an extra factor appearing in the Nf ≥ 2 theories (E3,4,5), a phenomena deeply

related to the stringy construction of the five dimensional SCFTs. Let us now give a brief

review on the relevant background materials.

Originally [8–15], the 5D En SCFTs were studied by considering the small E8 in-

stantons coming from M-theory on S1/Z2, which arise when an M5-brane comes near the

9-brane at a boundary of the interval S1/Z2. By further compactifying this M-theory set-up

on an additional circle, we find Type IIA theory on the orientifold S1/Z2 with D8-branes,

which is called the Type I’ superstring theory. Seiberg in [7] derived some properties of

the En SCFTs using this Type I’ realization.

Let us consider a point on the moduli space of an elliptically-fibered Calabi-Yau three-

fold where a compact four-cycle shrinks to a point. It is conjectured that F-theory com-

pactified on the Calabi-Yau leads to the same En theories [29]. The En theory appears

– 31 –



Figure 17: The first line is the sequence of the del Pezzo surface Bk which is the blow up

of CP2 at k generic points ( k = 0, 1, · · · , 8 ). B0,1,2,3 and F0 (the five grey diagrams) are

the toric del Pezzo surfaces which are the smooth toric Fano varieties in four-dimensions.

The grey, orange and red diagrams are toric surface. For k ≥ 4, the del Pezzo surface is

non-toric, but by setting the blow-up points on special positions we can get toric surfaces

(the red diagrams). We can also obtain these two red diagrams from the F2 surface blown

up at two points (the orange diagram).

when the del Pezzo surface Bn vanishes as the four-cycle. By compactifying this F-theory

on a circle, we obtain M-theory on the same Calabi-Yau with an elliptic fiber of infinite-size.

The 5D En SCFT is thus obtained by M-theory compactified on a Calabi-Yau which

includes the del Pezzo surface Bn as a compact four-cycle. At the singular limit, the del

Pezzo surface collapses to a point, the SCFT appears and the finite size four-cycle describes

the deformation from the strongly-coupled fixed point.

For some of the sequence of the En theories, we can employ (p, q) 5-brane construction

and dual toric Calabi-Yau compactification to investigate the corresponding 5D fixed point

theory. Actually 5D En SCFTs for the range n = 0, 1, 2, 3 are constructed by these web

configurations (F0 and Bn), and we can compute their superconformal indices by using the

toric Calabi-Yau compactification [49]. At first sight the blow-up points of B1,2,3 seem to

be placed in a non-generic fashion, because they are located at the three corners of the

toric diagram of P2. However, the SL(3,C) symmetry of P2 enables us to place three points

to any positions and therefore we can arrange the blow up points into the three corners.

The first four del Pezzo surfaces are thus toric varieties [57]. This fact does not hold for

higher del Pezzo surfaces Bn≥4 since we have exhausted the SL(3,C) transformation, so

that these del Pezzo surfaces do not have any toric description. Actually we have naive

toric descriptions of del Pezzo-like surfaces B′
n as the red diagrams in figure 17, but they

are not genuine del Pezzo surfaces because the blown-up points are specially tuned. As

we will see in the following sections, the 5D theories arising from the diagrams colored in

orange and red cause problem because they contain parallel external lines (branes), and

in higher cases some of external lines cross each other. This situation is a reflection of

non-toric nature of the corresponding del Pezzo surfaces. These external configurations

then lead to extra states (which are stringy in general).

This subtle situation has been resolved by introducing 7-branes into the 5-brane webs,
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. . . . .

Figure 18: 7-brane realization of blow ups of the local CP2. By pulling a 7-brane from the

5-brane loop, the position of the corresponding blown up point will be tuned to the special

location of the toric geometry CP2: the corners of the toric diagram.

so that the semi-infinite 5-branes become finite ones terminating at the 7-branes. See,

also, section 2. By moving a 7-brane inside the 5-brane loop, an 5-brane disappears and

a 7-brane insertion appears in this new configuration. We therefore observe that we can

blow up a del Pezzo surface at a generic point by adding a single 7-brane inside the 5-brane

loop that describes a compact four-cycle. Figure 18 illustrates the construction of the del

Pezzo surfaces as the blow up of the surface CP2.

4.3.1 Our conjecture

In this paper we compute the superconfomal indices of E3,4,5,6 theories by using a toric

description. As we mentioned above, toric formulation of B′
3 and B4,5,6 surfaces cause

some problems and we have to employ the alternative formulation based on 7-branes.

Unfortunately we do not know any efficient way to compute the topological string partition

functions of toric Calabi-Yau manifolds on 7-brane backgrounds. This means we cannot

compute the partition functions and superconformal indices of the corresponding E3,4,5,6

SCFTs based on the scheme of Iqbal-Vafa [49]. However, we find an efficient way to

compute these partition functions and superconformal indices. Our claim is

that the partition function of a 5-brane web blown up by 7-branes is equal to

that of the naive toric description after eliminating the so-called non-full spin

contents. Schematically our proposal is

Z 5 & 7-brane web =
Ztoric

Znon-full spin
. (4.51)

A 5-brane web describes a five dimensional minimal supersymmetric gauge theory, and its

massive BPS states are characterized by the Wigner little group SO(4) ≃ SU(2)L×SU(2)R.
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The label (jL, jR) denotes the spin content. In the context of Calabi-Yau compactification,

these BPS states come from M2-branes wrapping a two cycle of the Calabi-Yau C ∈
H(CY,Z). The multiplicities N

(jL,jR)
C of these states with labels (jL, jR) and C provide

the Nekrasov instanton partition function of the resulting five dimensional theory

Z(QC ; t, q) = exp
[ ∑
C∈H(CY,Z)

∑
jL,jR

QC
(−1)2(jL+jR)N

(jL,jR)
C TrjR

( q
t

)σR,3 TrjL (qt)σL,3

(t1/2 − t−1/2)(q1/2 − q−1/2)

]
= Z(QC ; t

−1, q−1). (4.52)

For various Calabi-Yau manifolds and their cycles C, this property is satisfied because we

have the full spin content for each spins (jL, jR). This is however not always the case.

The Wigner little group is mathematically the Lefschetz action [52, 57] onto the fiber and

base direction of (the cohomology class of) the moduli space M̃C of the stable sheaves of

the Calabi-Yau, which is a flat vector bundle over the moduli space MC of the curves in

the class C. The spin content of the BPS state is then given by the decomposition of the

cohomology as the representation space of the SU(2)L × SU(2)R Lefschetz action

H∗(M̃C) =
⊕
jL,jR

N
(jL,jR)
C

[
(jL, jR)

]
. (4.53)

However the existence of the Lefschetz action is not guaranteed in general, and actually

the cohomology is not a full representation space for some curves C on which the moduli

space of M2-brane M is non-compact.

Figure 19: The toric analogue of the del Pezzo surface B6 as a two point blow up of the

toric B4-like surface. This surface is the minimal resolution of the orbifold C2/Z2 × Z2.

In our scheme we can compute a typical non-toric del Pezzo surface B6 based on a

5-brane web and toric compactification. The key is the toric description of the CP2 blown

up at six specially placed points, see figure 19. This geometry is the resolution of the

supersymmetric orbifold C2/Z2×Z2. The genuine del Pezzo surface B6 compactification is

obtained by attaching the 7-branes to the ends of the external 5-branes in the dual 5-brane

system and moving these 7-branes inside the 5-brane loop. It is very hard to study this

compactification, but we now have a nice toric description (4.51) and can compute partition

– 34 –



functions quantitatively. In this paper, we thus utilize the simple toric description of B6 to

compute the superconformal index of the worldvolume theory, and we find the appearance

of the non-trivial E6 SCFT on the five-dimensional space-time.

4.3.2 Example: the toric description of B5

(a) (c)(b)

Figure 20: In pictures (a) and (b), we show the four diagrams which include the contri-

bution to the non-full spin content. In (c), we have the flopped diagram, which is precisely

equal to the non-full spin content partition function Znon-full.

Let us check our conjecture by using the typical example Nf = 4. In the previous sub-

section we obtained the superconformal index by dividing the topological string partition

function of the del Pezzo-like B′
5 geometry (the red toric diagram below the B5 in figure 17)

by the partition function of extra contributions. Our conjecture is that this extra factor

comes from the non-full spin content of the resulting five dimensional theory.

The non-full spin contents arise from M2-branes wrapping a CP2 whose local structure

forms O(0) ⊕ O(−2) bundle. In the language of the 5-brane web, such a two-cycle corre-

sponds to a stack of parallel 5-branes. We have four such stacks in the web configuration of

B′
5 as illustrated in (a) and (b) of figure 20. So the partition function of these four partial

web diagrams explains the multiplicities of the non-full spin contents on this geometry.

The preferred direction for the two diagrams in (a) is horizontal, which makes the the

computation a little technical. The refined topological vertex for the upper diagram in (a)
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and the Cauchy formula for the Macdonald functions give

Z(a)
upper(Q1,3, QB; t, q)

=
∑
µ

(−Q3)
|µ1|(−QB)

|µ2|fµ2(t, q)(−Q1)
|µ3|C∅µ1∅(q, t)C∅µt

1µ2
(t, q)Cµ3∅µt

2
(q, t)Cµt

3∅∅(t, q)

=
∑
µ

t||µ||
2
Q

|µ|
B Z̃µt(t, q)Z̃µ(q, t)R∅µ(Q3)R∅µ(Q1)

=
[
M
(
Q1

√
t

q

)
M
(
Q3

√
t

q

)]−1∑
µ

(
−QB

√
t

q

)|µ|
Pµ(q

ρ; t, q)Pµt(t−ρ; q, t).

×
∏

(i,j)∈µ

(1−Q1q
i− 1

2 t−j+ 1
2 )

∏
(i,j)∈µ

(1−Q3q
i− 1

2 t−j+ 1
2 ), (4.54)

where in order to express the Z̃ as functions of the Macdonald polynomials, we have made

use of (A.2). To perform this summation, we use formulae (A.4) and (A.5) to find the

closed expression

Z(a)
upper(Q1,3, QB; t, q) =

M
(
QB

t
q

)
M
(
Q1Q3QB

)
M
(
Q1

√
t
q

)
M
(
Q3

√
t
q

)
M
(
Q1QB

√
t
q

)
M
(
Q3QB

√
t
q

) . (4.55)

In order to obtain the non-full spin content of the above partition function, we have to

isolate the parts that change under the transformation (t, q) → (1/t, 1/q). Since by the

analytic continuation rule of (4.35) we have M(Q; t−1, q−1) = M(Q t
q ; t, q), we see that the

corresponding non-full spin partition function is17

Z(a),non-full
upper (Q1,3, QB; t, q) = M

(
Q1Q3QB

)
. (4.56)

The lower diagram in (a) is just Z
(a)
upper(Q2,4, QB; q, t), and by combining it with the upper

contribution we find the non-full spin partition function

Z
(a)
non-full(Q1,··· ,4, QB; t, q) = M

(
Q1Q3QB

)
M
(
Q2Q4QB

t

q

)
. (4.57)

The partition function for (b) can be derived just as easily by using the same rules as

before. The result for the left part of (b) is then

Z
(b)
left(Q3,4, QF ; t, q) =

M
(
QF

t
q

)
M
(
Q3Q4QF

)
M
(
Q3

√
t
q

)
M
(
Q4

√
t
q

)
M
(
Q3QF

√
t
q

)
M
(
Q4QF

√
t
q

) . (4.58)

The right part is obtained by exchanging t with q and Q3, Q4 with Q1 and Q2.We therefore

obtain the following partition function for the non-full spin content of the stacks (b):

Z
(b)
non-full(Q1,...,4, QF ; t, q) = M(Q3Q4QF )M

(
Q1Q2QF

t

q

)
. (4.59)

17The factor M(QB
t
q
) =

∏
(1−QBt

iqj−1)−1 forms a full spin content by combining with the contribution

coming from the lower diagram of (a).
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Therefore, the total partition function for the non-full spin contents is given by combining

(a) and (b) and equals

Znon-full(Q; t, q) = M(Q1Q3QB)M(Q3Q4QF )M
(
Q2Q4QB

t

q

)
M
(
Q1Q2QF

t

q

)
. (4.60)

This function is precisely equal to the prefactor that we divided by in equation (4.48) in

order to get the properly normalized partition function for the computation of the 5D

superconformal index for the Nf = 4 theory. These four factors come from four stacks of

parallel 5-branes, and in the flopped diagram of figure 20 part (c), these stacks are manifest.

In fact, we can even compute the non-full spin partition function Znon-full directly from the

four diagrams in (c).

4.4 Five flavor and the E6 index

The toric diagram for the SU(2) five flavor case is significantly different from the previous

cases. As we argued in section 2 it has the form given in figure 21. The inversions appearing

Figure 21: The toric diagram for SU(2), five flavors. In this case, we also label the

partitions associated to the internal edges. There are no non-trivial framing factors.

in the Q1, Q3 and Q5 are purely for convenience. All framing factors are trivial. The

topological string partition function for this toric diagram is

Z5 =
∑
λ,µ,ν

(−Q−1
1 )|λ2|(−Q−1

3 )|ν2|(−Q−1
5 )|µ2|(−Q2)

|ν1|(−QFQ
−1
2 )|λ1|(−QBQ

−1
4 )|µ3|

× (−Q4)
|ν3|(−QFQ

−1
4 )|λ3|(−QBQ

−1
2 )|µ1|C∅λt

2∅(q, t)Cνt2∅∅(q, t)C∅∅µt
2
(q, t)

× Cν1λ2µ1(t, q)Cνt1λ
t
1∅(q, t)Cν2λ1µ3(t, q)Cνt3∅µt

3
(q, t)Cν3λ3µ2(t, q)C∅λt

3µ
t
1
(q, t).

(4.61)
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Applying now the resummation formulas (4.22) and (4.23) to Z5 leads to

Z5 =
∑
µ

(−Q−1
2 QB)

|µ1|(−Q−1
5 )|µ2|(−Q−1

4 QB)
|µ3|

3∏
i=1

q||µi||2t||µ
t
i||2Z̃µi(t, q)Z̃µt

i
(q, t)

×
Rµt

1∅(Q
−1
1 )R∅µ1

(Q2)R∅µ3
(Q−1

3 )Rµt
3µ2

(Q4)Rµt
3∅(

QF
Q1

)Rµt
3∅(

QF
Q2

)R∅µ1
(QF
Q3

)Rµt
2µ1

(QF
Q4

)

R∅∅(
Q2

Q1

√
q
t )R∅∅(

QF
Q1Q3

√
q
t )R∅∅(

QF
Q2Q3

√
q
t )Rµt

3µ1
(QF

√
q
t )Rµt

3µ1
(QF

√
t
q)

.

(4.62)

Using the experience acquired experimentally in the computation of the indices for Nf =

0, . . . , 4 as well as the theoretical justifications of subsection 4.3, we claim that the properly

formalized partition function for Nf = 5 reads

Zren
5 =

[
M
(Q2

Q1

)
M
( QF

Q1Q3

)
M
( QF

Q2Q3

)
M
( QB

Q1Q2

t

q

)
M
( QF

Q4Q5

t

q

)
M
( QBQF

Q1Q2Q4Q5

t

q

)
×M

( QB

Q3Q4

)
M
(Q4

Q5

)
M
( QB

Q3Q5

)]−1
Z5.

(4.63)

In order to get the index from the above equation, we introduce the Coulomb modulus Ã,

see (C.5) and (C.6). Computing the index using formula (4.63) is numerically difficult, for

obtaining even the x2 order term requires summing all partitions µi whose total number

of boxes is smaller or equal to 8. We nevertheless managed to check numerically the

superconformal index given in [50]

I5 = 1 + χE6
78x

2 + (1 + χE6
78)χ1(y)x

3 +
(
χ2(y)

(
1 + χE6

78

)
+ 1 + χE6

2430

)
x4 +O(x5), (4.64)

for several sets of particular values for the fugacities, which makes us confident that (4.63) is

correct. We refer the reader to appendix C for the details involving the different characters

and parametrizations.

We finish this section by discussing the non-full spin contributions that were removed in

(4.63). In subsection 4.3 we computed the non-full spin part of the four flavor SU(2) theory

directly and observed that we obtain a piece of the form M(Q) for each pair of external

parallel branes, where Q determines the distance between the two branes. We propose that

this holds for the T3 junction as well and since we have 9 pairs of external parallel branes, we

arrive at (4.63). The only remaining issue is the position of the variables t and q which tells

us whether to divide out by M(Q) ≡ M(Q; t, q) or by M(Q t
q) ≡ M(Q t

q ; t, q) = M(Q; q, t).

This problem we have solved experimentally by computing the index.

Let us finally mention a possible way to actually compute the non-full spin contribu-

tion directly. In the brane setup, the three stacks of parallel 5-branes provide this extra

contribution, so it is useful to go in the frame which makes these parallel stacks manifest.

In the Calabi-Yau setup, we can move into this frame by using a flop transition and the

resulting toric diagram is illustrated in figure 22. This geometry contains the new vertices

Tλµν(t, q) depicted by red circles. The vertex of this new type was introduced by Iqbal and

Kozcaz in [56]. We can then expect that these non-full spin content contributions coincide

with the refined topological vertex partition function of this geometry. Since it is not trivial

to compute this new vertex function, we leave this problem open.
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Figure 22: Flopped version of the T3 geometry and the parallel 5-brane contributions.

4.5 The TN partition function

In this section, we generalize the computation of the T3 partition function to the TN

case. In order to do this, it is convenient to cut the toric diagram diagonally into N

subdiagrams called strips. We consider the strip diagram of arbitrary length L ≤ 0, drawn

Figure 23: The left part of the figure shows the strip diagram, while the right one depicts

the dissection of the TN diagram into N strips. The partitions associated to the horizonal,

diagonal and vertical lines are ν
(j)
i , µ

(j)
i and λ

(j)
i with j = 1, . . . , N − 1, i = 1, . . . , N − j

respectively. The Kähler parameters for the horizonal, diagonal and vertical lines are Q
(j)
n;i,

Q
(j)
m;i, Q

(j)
l;i respectively with the same range of indices.

in the left part of figure 23. The corresponding partition function depends on the external

horizontal partitions ν = (ν1, . . . , νL+1), τ = (τ1, . . . , τL) as well as on the parameters

Qm = (Qm;1, . . . , Qm;L) and Ql = (Ql;1, . . . , Ql;L) takes the form

Zstrip
ντ (Qm,Ql; t, q)

def
=
∑
λ,µ

L∏
i=1

(−Qm;i)
|µi|(−Ql;i)

|λi|
L+1∏
j=1

Cµt
jλ

t
j−1ν

t
j
(q, t)

L∏
k=1

Cµkλkτk(t, q),

(4.65)
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where µL+1 = λ0 = ∅. We claim that this expression can be resummed with the following

result:

Zstrip
ντ (Qm,Ql; t, q) =

L+1∏
j=1

t
||νtj ||

2 Z̃νtj
(q, t)

L∏
j=1

q
||τj ||

2

2 Z̃τj (t, q)

×
L∏
i=1

L∏
j=i

Rνti τj

(
Qm;j

∏j−1
k=i Qm;kQl;k

)
Rτ ti νj+1

(
Ql;i

∏j
k=i+1Qm;kQl;k

)
Rνtiνj+1

(∏j
k=iQl;kQm;k

√
q
t

)
×

L−1∏
i=1

L−1∏
j=i

Rτ ti τj+1

( j∏
k=i

Ql;kQm;k+1

√
t

q

)−1
. (4.66)

The complete TN diagram is made out of N such strip diagrams as depicted in figure 23.

The choice of the Kähler parameters is explained in detail in appendix D. Using the result

(4.66) and renormalizing the outcome as in the previous subsections, we arrive at the

following expression for the topological string partition function for the TN toric diagram:

Zren
TN

=
∑
ν

N∏
j=1

(
−Q(j)

n

)|ν(j)|
Zstrip

ν(j−1)ν(j)(Q
(j)
m ,Q

(j)
l ; t, q)

×
N−2∏
i=1

N−1∏
j=i

[
M
( j∏
k=i

Q
(1)
l;kQ

(1)
m;k

)
M
( j∏
k=i

Q
(k)
m;1Q

(k)
n;1

)
M
( j∏
k=i

Q
(k)
l;N−1−kQ

(k)
n;N−1−k

t

q

)]−1
.

(4.67)

In the above formula, we have set ν
(0)
j = ν

(N)
j = ∅ for all j, see the right part of figure 23.

This partition function depends on the parameters Q
(j)
m , Q

(j)
n and Q

(j)
l of which there are

3
∑N−1

i=1 i in total. Since each hexagon in the toric diagram comes with two independent

equations that relate the parameters to each other and since there are
∑N−2

i=1 i hexagons

in the TN toric diagram, we arrive at the conclusion that there are a total of

3
N−1∑
i=1

i− 2
N−2∑
i=1

i =
(N + 4)(N − 1)

2
(4.68)

independent moduli. The result (4.68) of course fully agrees with equation (3.36) in [58]

In the case N = 3, this gives us 7 parameters corresponding to the QF , QB, Q1, . . . , Q5 of

subsection 4.4.

4.6 The T2 partition function revisited

In this section, we shall rederive (4.67) for the case N = 2 and rewrite it as an infinite

product. The T2 theory is given by the intersection of three stacks of two parallel 5-branes

as show in figure 24. The toric diagram of the dual Calabi-Yau manifold has the same shape

as this web diagram, and therefore we can compute the five-dimensional Nekrasov partition

function of the deformed T2 theory by using the refined topological vertex formalism. As

shown in subsection 4.5 as well as in appendix D, this theory has three independent Kähler
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Figure 24: The toric and web diagram of the T2 geometry.

parameters. In order to simplify the notation slightly, in this section do not use the notation

of subsection 4.5, but instead write Q1 ≡ Q
(1)
m,1, Q2 ≡ Q

(1)
l,1 and Q3 ≡ Q

(1)
n,1. As we will show

in the following, the partition function for the T2 theory is given by the infinite product:

Z ′
T2
(Q) =

∞∏
i,j=1

(1−Q1Q2Q3t
i− 1

2 qj−
1
2 )
∏3

k=1(1−Qkt
i− 1

2 qj−
1
2 )

(1−Q1Q2tiqj−1)(1−Q1Q3ti−1qj)(1−Q2Q3tiqj−1)
. (4.69)

This formula is precisely equal to the one which was conjectured by Kozcaz, Pasquetti and

Wyllard in [58], equation (5.3). In the paragraphs to follow, we shall provide a derivation

based on the properties of the Macdonald polynomials.

We begin with the refined partition function for the T2 geometry. The general case

was written down in subsection 4.5, which we repeat here:

Z ′
T2
(Q) =

∑
R

3∏
i=1

(−Qi)
|Ri|CRt

1∅∅(t, q)C∅Rt
2∅(t, q)C∅∅Rt

3
(t, q)CR1R2R3(q, t), (4.70)

where Q = (Q1, Q2, Q3). This vertex is off strip in the sense of Iqbal and Kashani-Poor’s

paper [59] and it is very hard to compute such an off strip diagram in general. However

this T2 geometry is special and the closed expression for the unrefined partition function

was given in [60]. By using the usual identities (4.22) and (4.23), we can easily obtain from

(4.70) the following expression

Z ′
T2
(Q) =

∑
R3

(−Q3)
|R3|q

∥Rt
3∥

2

2 t
∥R3∥

2

2 Z̃Rt
3
(t, q)Z̃R3(q, t)M

(
Q1Q2

t

q

)
RR3∅(Q1)R∅Rt

3
(Q2).

(4.71)

As we did for the computations in the SU(2) gauge theory case, let us normalize this

partition function with the following one-loop like factor

Z0
T2
(Q1, Q2) = M

(
Q1Q2

t

q

)
M
(
Q1

√
t

q

)−1M
(
Q2

√
t

q

)−1
. (4.72)

so that (4.71) becomes

Z ′
T2
(Q) = Z0

T2

∑
R

(−Q3)
|R|t

∥R∥2
2 q

∥Rt∥2
2

∏
(i,j)∈R

(1−Q1

√
q
t t

1−jqi−1)(1−Q2

√
t
q t

j−1q1−i)

(1− tRi−j+1qR
t
j−i)(1− tRi−jqR

t
j−i+1)

.

(4.73)
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In the above, we have used a trick that allowed us to replace in the numerator qR
t
j−i by

qi−1. We can further rewrite this expression by using the specialization of the Macdonald

symmetric polynomials:

PR(t
N− 1

2 , tN− 3
2 , · · · , t

1
2 ; q, t) = t

∥Rt∥2
2

∏
(i,j)∈R

(1− qj−1tN+1−i)

(1− qRi−jtR
t
j−i+1)

, (4.74)

taken from [61], equation (6.11’) on page 337. So by using the Cauchy formula (A.5) for

the Macdonald symmetric polynomials, we find

Z ′
T2
(Q) =Z0

T2

∑
R

(−Q3)
|R|PRt(tN− 1

2 , tN− 3
2 , · · · , t

1
2 ; q, t)PR(q

M− 1
2 , qM− 3

2 , · · · , q
1
2 ; t, q)

=Z0
T2

N∏
i=1

M∏
j=1

(
1−Q3t

i− 1
2 qj−

1
2
)
. (4.75)

Here, we have specialized Q1 and Q2, so that N and M , defined via the equations

tN = Q1t
− 1

2 q
1
2 , qM = Q2t

1
2 q−

1
2 , (4.76)

become integers. Due to this specialization, it is possible to rewrite the finite product as

an infinite one

N∏
i=1

M∏
j=1

(
1−Q3t

i− 1
2 qj−

1
2
)
=

∞∏
i,j=1

(1−Q3t
i− 1

2 qj−
1
2 )(1−Q1Q2Q3t

i− 1
2 qj−

1
2 )

(1−Q1Q3ti−1qj)(1−Q2Q3tiqj−1)
. (4.77)

By “analytic continuation”, the right hand side should give the correct result for the par-

tition function (4.75) for generic Q1 and Q2. Putting everything together, we arrive at the

following compact product expression:

Z ′
T2
(Q) =

M(Q1Q3)M
(
Q1Q2

t
q

)
M
(
Q2Q3

t
q

)
M
(
Q1

√
t
q

)
M
(
Q2

√
t
q

)
M
(
Q3

√
t
q

)
M
(
Q1Q2Q3

√
t
q

) . (4.78)

Due to the definition of the function M in (A.1), this is exactly the desired partition

function (4.69) for the T2 geometry. Since there is no compact four-cycle in this geometry,

there is no constant map contribution. This formula is therefore complete up to the well-

known classical partition function which is irrelevant to the superconformal index.
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5. WN 3-point functions

In this article, we have studied the five dimensional SCFTs of the Minahan-Nemeschansky

type. Among these theories, the E6 SCFT with one-dimensional Coulomb branch is spe-

cial in a sense since this theory arises also from a 5-brane junction and falls into the

category of the TN theories. The five-dimensional TN theory is the uplift of the four-

dimensional TN theory known18 as “Triskelion”. In the context of the AGTW relation

between four-dimensional theories of the class S and two-dimensional conformal field the-

ories, the Triskelion corresponds to the three punctured Riemann sphere and is a basic

building block used in the construction of the Sicilian gauge theories19. Five-dimensional

Triskelions, i.e. 5-brane junctions, also lead to “Sicilian gauge theories” in five dimensions

by gluing the edges of the junctions,20 and some of them provide well-defined UV fixed

point theories. Therefore, the five dimensional AGTW relation suggests that the Nekrasov

partition functions of these gauge theories can be recast into the conformal blocks of q-

deformed Toda conformal field theory with q-deformed WN symmetry. Roughly speaking,

this implies the following relation between the superconformal index, which is the partition

function on S4×S1, and the correlation function of the corresponding q-Toda field theory:

I5D(u, x, y) =

∫
[daα]

∣∣∣Z5D
Nek(a,m, β, ϵ1,2)

∣∣∣2 = ⟨Vα1(z1) · · ·Vαn(zn)⟩q-Toda. (5.1)

Since it would be a vast project to investigate this five-dimensional AGTW correspondence,

we focus on the TN theory which is a basic building block of the uplift of class S theories.

In the following we will study the partition functions of the TN brane junctions from the

perspective of the DOZZ formula.

Actually, in order to construct an arbitrary Sicilian gauge theory in five dimensions,

we have to introduce a more generic junction in which the edges of 5-branes in a stack

are attached to some 7-branes. Such configurations are labelled by Young diagrams which

specify the distribution of the 5-brane edges to 7-branes. Since we do not possess any

method for the computation of partition functions with generic 5-brane distributions, we

will skip the discussion of these interesting possibilities.

5.1 T2 theory and q-Liouville DOZZ formula

In (4.69), we have obtained the partition function of the T2 theory in five dimensions.

Since this result is expected to be related to the (q-deformed) Liouville theory through the

AGTW relation, we will check this proposal explicitly. The q-Liouville correlation functions

are expressed with the help of the q-deformed Υ-function

Υ t,q(x)
def
=

1

Γt,q(x)Γt,q(ϵ− x)
, (5.2)

18Citation?
19In the original paper by D.Gaiotto, he called these theories “the generalized quiver theories”.
20An edge of a stack of 5-branes in a junction describes a subgroup of the flavor symmetry of TN theory,

the gluing procedure of two junctions is realized by gauging two such subgroups and coupling them with

the corresponding vector multiplet.
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where ϵ = ϵ1 + ϵ2 and the q-deformed gamma function is defined by the following infinite

product with the zeta function regularization

Γt,q(x)
def
= exp

d

ds
ζt,q(s;x)

∣∣∣
s=0

, ζt,q(s;x)
def
=

∞∑
i,j=1

(
2 sinh

β

2
(x+ ϵ1i+ ϵ2j)

)−s

. (5.3)

Here21 β is the radius of the fifth dimension, and the quantum-deformation parameters are

given by the Ω-backgrounds22 as

q = e−βϵ1 , t = eβϵ2 . (5.4)

Then the factors appearing in Z ′
T2

are recast into this Υ-function as23

M

(
Q

(
t

q

)α
2

)
=

∞∏
i,j=1

(1−Qti−
1
2 qj−

1
2 )−1 =

∏∞
i,j=1 e

−β
2 (m+ϵ1(i−α 1

2
)+ϵ2(j−α 1

2
))

Γt,q

(
m− α ϵ

2

) , (5.5)

where Q = e−βm. The partition function (4.78) can then be rewritten as

Z ′
T2
(Q) =

( ∞∏
i,j=1

e−
βϵ
4

) ∞∏
i,j=1

(1− ti−
1
2 qj−

1
2 )

×
Γt,q

(
m1 − ϵ

2

)
Γt,q

(
m2 − ϵ

2

)
Γt,q

(
m3 − ϵ

2

)
Γt,q

(
m1 +m2 +m3 − ϵ

2

)
Γt,q

(
− ϵ

2

)
Γt,q (m1 +m2 − ϵ) Γt,q (m2 +m3 − ϵ) Γt,q (m3 +m1)

. (5.6)

By introducing the Liouville parameters

m1 = −α1 − α2 + α3 −
ϵ

2
, m2 = α1 + α2 + α3 +

3ϵ

2
, m3 = α1 − α2 − α3 −

ϵ

2
, (5.7)

we can rewrite it into the following form similar to the q-Liouville DOZZ correlation func-

tion up to a divergent prefactor

Z ′
T2
(Q) ∝

∞∏
i,j=1

(1− ti−
1
2 qj−

1
2 )

× Γt,q (−α1 − α2 + α3 − ϵ) Γt,q (α1 + α2 + α3 + ϵ) Γt,q (α1 − α2 − α3 − ϵ) Γt,q (α1 − α2 + α3)

Γt,q

(
− ϵ

2

)
Γt,q (2α1) Γt,q (−2α2 − ϵ) Γt,q (2α3)

.

(5.8)

The combination of Z ′
T2

and Z̄ ′
T2

appears in the correlation functions of 5d theory, this

partition function actually leads to the q-Liouville DOZZ three point function [24,58,62]

∣∣∣ ∞∏
i,j=1

(1− ti−
1
2 qj−

1
2 )−1Z ′

T2
(Q)

∣∣∣2 ∝ Ct,q
DOZZ. (5.9)

21Check!!!
22Check with previous definitions!!!
23Change that!
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The Liouville parameter is given by24 ϵ = −Q. We thus obtain the q-DOZZ three point

function up to a unknown coefficient, and this situation is completely the same as that

in [62]. In this paper the authors determined the DOZZ partially without referring any

Lagrangian formulation of q-Liouville theory. The lack of the Lagrangian description makes

the determination of the proportionality coefficient difficult.

5.2 Superconformal index

We can apply the expression (4.69) to compute the superconformal index of the T2 SCFT

after extracting the full spin content. Since the non-full spin content breaks the symme-

try (t, q) → (1/t, 1/q), we find the genuine contribution from the south pole of S4, after

expressing the result using (4.37),

ZT2(Q) =

∞∏
i,j=1

(1−Q1Q2Q3x
i+j−1yi−j)−1

3∏
k=1

(1−Qkx
i+j−1yi−j)−1. (5.10)

Since the “Euler number”25 of this Calabi-Yau manifold is zero, there is no constant

map contribution. Moreover the T2 theory does not have any Coulomb branch deformation,

so the superconformal index is simply the product of the north and south pole contributions

IT2 = ZT2(Q; t, q)ZT2(Q
−1; t−1, q−1) = 1 +

(
χ
SU(4)
[1,0,0] + χ

SU(4)
[0,0,1]

)
x

+

[
χ2(y)

(
χ
SU(4)
[1,0,0] + χ

SU(4)
[0,0,1]

)
+ χ

SU(4)
[2,0,0] + 1 + χ

SU(4)
[0,0,2] + χ

SU(4)
[1,0,1]

]
x2 + · · · (5.11)

where the SU(4) characters are given by (we use Dynkin labels)

χ
SU(4)
[1,0,0] =

4∑
i=1

Qi, χ
SU(4)
[0,0,1] =

4∑
i=1

Q−1
i , · · · , (5.12)

for fugacities Qi which satisfy Q1Q2Q3Q4 = 1. We can thus see that the flavor symmetry

is enhanced as U(1)3 → SU(4) ≃ Spin(6). The index (5.11) is the index of four free

hypermultiples and SU(4) is the flavor symmetry that rotates them.

5.3 TN theory and AN−1 q-Toda CFT

The refined topological vertex formalism enable us to write down the partition function of

the TN geometry since we can find a consistent choice of the preferred direction. Actually

this partition function is not that of a conventional gauge theory, and so far no closed ex-

pression, as for the T2 case, has been found. This however does not mean that there is no

nice expression mathematically, and actually we have the expression as a summation over

the Young diagrams. So if we can take the summation exactly, the closed expression imme-

diately follows from our expression. This is very interesting problem for mathematicians,

but we leave it open and assume the existence of the closed expression in the following.

24This in not a Kähler parameter, but the parameter that labels the central charge of the q-deformed

Liouville theory c = 1 + 6Q2. Note also that our conventions differ by a minus sign form the AGT [2].
25Twice the number of the compact four-cycles.
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Recall that a superconformal index, a focus of our analysis in this paper, can be

obtained from the corresponding Nekrasov partition function, that is the topological string

partition function, through the following formula à la localization

I 5D =
F∏

g=1

∫
[dag]

∣∣∣Z5d
Nek(a,m, β, ϵ1,2)

∣∣∣2. (5.13)

The integral is taken over the loop variables QFg = eiag which parametrize the local

deformation of the brane web diagram. Let F be the number of these variables, namely

the number of the elementary faces in the web-diagram. We can expect this index to be

related to, or even equal to a correlation function of the 2D q-deformed Toda CFT just

like for the AGTW relation in 4D, because the (irregular) conformal blocks of this 2D

CFT coincide with the corresponding Nekrasov partition functions. We therefore expect

the following five-dimensional uplift of the AGTW relation:

gauge theory on S1 × S4 q-Toda CFT

superconformal index I 5D correlation function ⟨Vα · · ·Vα⟩

To fit the web diagram into the Gaiotto construction of SCFTs, we need to decompose

the diagram into TN geometries and stacks of parallel (color) 5-branes connecting these

TN blocks. These TN blocks are the analogues of the three punctured spheres in the

Gaiotto construction, and the connecting procedure by the stacks represents the gauging

the (subgroup of) the flavor symmetries of TN s. Then the parameters associated with the

gauged external lines of the TN s become the internal momenta of the 2D CFT, and the

non-gauged external leg parameters are the momenta of the vertex operators inserted in

the q-Toda correlator. The claims made thus far are completely parallel to the original

AGTW story [2] on 4D SU(2) theories, but a subtlety appears in the TN≥3 cases as pointed

out by Wyllard [3], because of a characteristic of the higher spin WN -algebra. Usually, one

can reduce a CFT three point function of descendant operators to that of three primary

operators by using the Ward identities of the conformal algebra. However, in the AN≥2

Toda CFT, one cannot derive the correlation functions of the descendent fields purely from

the correlation functions of the WN primary fields. This fact can by roughly explained [58]

by counting the number of Ward identities available. The chiral AN−1 Toda CFT has

N(N − 1)/2 basic descendant operators,(
W

(s)
−l

)n
Vα, for l = 1, 2, · · · , s− 1, s = 2, 3, · · · , N, (5.14)

and so the number of the basic three point functions is 3N(N − 1)/2 after taking into

account the three primaries Vα1,2,3(z = ∞, 1, 0). On one side, the WN -algebra provides the

Ward identities for the following generators

W
(s)
l , for l = −s+ 1,−s+ 2, · · · , s− 1, s = 2, 3, · · · , N, (5.15)
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and then they lead to only N2 − 1 constraints. We therefore can not reduce

3N(N − 1)

2
− (N2 − 1) =

(N − 1)(N − 2)

2
(5.16)

types of basic three point functions. This means that the three point functions for three

WN primary operators are not enough to write down a generic Toda correlation function

and we need to introduce an additional (N − 1)(N − 2)/2 types of three point functions

for descendant operators. We also have to specify 3(N − 1) values of the Toda momenta

of three basic primary operators Vα1,2,3 , since a Toda momentum is a (N − 1)-vector α =

(α1, · · · , αN−1). Let us consider the W3 symmetry for example, see [58]. The additional

building blocks are the three point functions of the following type

⟨Vα1(∞)
(
(W

(3)
−1 )

nVα2(1)
)
Vα3(0)⟩. (5.17)

They are labelled by the positive integers n = 1, 2, · · · , and therefore we need an infinite

amount of additional data. The choices of the original correlation function and its de-

generate channel determine which three point functions appear in the construction. This

situation makes the study of the Toda three point functions very hard26.

For W3 case, we can recast this situation explicitly in terms of the three and four point

functions [63]. The W3 three functions correspond to the map from a state in the Verma

module to a complex number

|Ψ⟩ → ⟨α1|Vα2(1)|Ψ⟩. (5.18)

Following [63], we introduce the following combinations of the generators

em(z) = Lm − 2zLm−1 + z2Lm−2, fm(z) = Wm − 3zWm−1 + 3z2Wm−2 − z3Wm−3,

e′0(z) = L0 − 2zL−1 + z2L−2, f ′
0(z) = W0 − 3zW−1 + 3z2W−2 − z3W−3,

e′′0(z) = −zL−1 + z2L−2, f ′′
0 (z) = −zW−1 + 2z2W−2 − z3W−3. (5.19)

Then the OPEs between a primary field and a symmetry generator imply

⟨α1|Vα2(z)em(z) = 0, m = −1,−2,−3, · · · ,
⟨α1|Vα2(z)

(
e′0(z)−∆1

)
= 0,

⟨α1|Vα2(z)
(
e′′0(z)−∆2

)
= 0,

⟨α1|Vα2(z)fm(z) = 0, m = −1,−2,−3, · · · ,
⟨α1|Vα2(z)

(
f ′
0(z)− w1

)
= 0,

⟨α1|Vα2(z)
(
f ′′
0 (z)− w2

)
= 0, (5.20)

26The building block of SU(3) gauge theory with 6 fundamentals is the three point function with the

insertion of a semi-degenerate operator, namely the simple punctures in the Gaiotto construction. It is

very simple, because the transformation W
(3)
−1 on the semi-degenerate operator can be replaced with the

well-behaved Virasoro transformation W
(2)
−1 = L−1 and the primary three point functions are enough to

compute the correlation functions as in the case of the Liouville theory.
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where w is the eigenstate of W0 on a primary state W0|α⟩ = w(α)|α⟩, and in the following

we specialize to z = 1. On the one hand, the Verma module can not be spanned only by

these generator {em, e′0, e
′′
0, fm, f ′

0, f
′′
0 }. Actually, we need to use the additional generator

W−1 to construct the full Verma module. A generic state therefore takes the form

|Ψ⟩ =
∑

ℓ1≥···≥1

∑
m1≥···≥1

∑
p,q,r,s,n

C e−ℓ1e−ℓ2 · · · f−m1f−m2 · · ·
(
e′0
)p (

e′′0
)q (

f ′
0

)r (
f ′′
0

)s
(W−1)

n |α⟩

=

∞∑
n=0

PΨ
n (e−1, e−2, · · · ; f−1, f−2, · · · ; e′0, e′′0, f ′

0, f
′′
0 ) (W−1)

n |α⟩, (5.21)

where PΨ
n is a polynomial. So the three point function takes the following value

⟨α1|Vα2(1)|Ψ⟩ =
∞∑
n=0

PΨ
n (0, · · · ; 0, · · · ;∆1,∆2, w1, w2) ⟨α1|Vα2(1) (W−1)

n |α⟩. (5.22)

These infinitely many independent numbers ⟨α1|Vα2(1) (W−1)
n |α⟩ leads to infinitely many

fusion rules, and this makes the situation complicated. We can apply this result to the four

point functions. Let {|ΨY ⟩} be an orthonormal basis set of the Verma module. Inserting

1 =
∑

Y |ΨY ⟩⟨ΨY |, the four point function is

⟨α1|Vα2(1)Vα3(z)|α4⟩ =
∞∑

n1,n2=0

⟨α1|Vα2(1) (W−1)
n1 |α⟩⟨α| (W1)

n2 |Vα3(z)|α4⟩

×
∑
Y

PΨY
n1

(0, · · · ;∆1,∆2, w1, w2)P
ΨY
n2

(0, · · · ;∆4,∆3, w4, w3). (5.23)

The product of two polynomials P is the four point conformal block, and the coefficient,

which corresponds to two DOZZ factors27, are labelled by positive integers {n1, n2}

⟨α1|Vα2(1, 1)Vα3(z, z)|α4⟩ =
∫

[dα]
∞∑

n1,n2=0

Cn1
DOZZ(α1,α2,α)Cn2

DOZZ(α,α3,α4)

×
∣∣Fn1,n2(α1,α2;α;α3,α4)

∣∣2. (5.24)

We want to find an analogous structure in the gauge theory side.

There is corresponding situation in our web construction of Sicilian gauge theories.

So, let us take the TN theory for example in order to demonstrate it. We can easily count

the possible deformations of the TN theory with the use of the toric web diagram. The

global deformations of the theory, which change the physical parameters of the theory, are

associated with the external lines of the web

#(global deformations) = #(external lines)− 3 = 3(N − 1), (5.25)

27We only discussed on the chiral part, and in order to compute the full correlation function we need to

introduce the anti-chiral part.
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and they are the relevant deformations of the fixed point theory associated with the kinetic

terms of the gauged Cartan flavor symmetry. They provide the fugacities of the supercon-

formal index. The breathing modes which correspond to the Coulomb branch direction are

associated with the faces of the web, so the counting is

#(local deformations) = #(internal faces) =
(N − 1)(N − 2)

2
. (5.26)

These deformations turn on the VEVs of the scalar components of the associated local

U(1) vector multiplets, and their values give the loop variables QFg for the TN theory. The

TN theory then has (N − 1)(N + 4)/2 parameters28 in total, and the same counting was

given in [5] based on the 5-brane construction.

The 3(N −1) global parameters nicely agree with the three types of external momenta

α1,2,3, so we can expect that the fugacities of global deformation coincide with the Toda

momenta. Then, what are the variables associated with the local deformation? The number

of the local deformations is (N −1)(N −2)/2, and this number is equal to that of the types

of Toda three point functions. We can therefore expect these parameters to specify this

type.

By expanding this idea, we can generalize the parametrization to the theories obtained

by gluing the Triskelion blocks TN . In the language of the toric web description, all the

parameters come from the Kähler parameters of the Calabi-Yau. After the decomposition

as a Sicilian gauge theory, these parameters fall into the three categories: the global defor-

mations, the local deformations, and the gauged flavor symmetries. The first is the masses

of the matters multiplets, that is the fugacities for the flavor symmetry of the Sicilian the-

ory. They are precisely the Toda momenta of the vertex operators. The parameters in the

second class specify the choices of the descendant operators ng′ in the three point functions

associated with TN blocks. The final parameters are the Coulomb branch parameters ag′′

of this Sicilian theory over which we have to integrate. These parameters are just the

internal momenta of the Toda correlation function in a fixed channel. The corresponding

Toda correlation function then takes the form

⟨Vα1(z1, z̄1) · · ·Vαn(zn, z̄n)⟩Toda

=
∏
g′′

∫
[dag′′ ]

∑
{ng′}

∏
CDOZZ(m,ng′)

∣∣∣F(a,m, β, ϵ1,2)
∣∣∣2
 , (5.27)

where F is the corresponding Toda conformal block. By applying the Ward identities to

the internal lines where all the descendant operators run, we can reduce the correlation

function into a combination of the three point functions, and then a special choice of

three point functions labeled by {ng′} appears. This result is illustrated on the right hand

side of this formula. This expression is very similar to that for the superconformal index

once we admit the AGTW identification between the conformal block and the Nekrasov

partition function, but there is difference. In the superconformal index we take the integral

28We derive this before, do we need to repeat it?
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over all the breathing modes i log(QFg), however, in the Toda correlation function these

parameters are split into ng′ and ag′′ . Recall that the ng′s are the breathing modes of the

TN blocks, and ag′′ are that of the the web-loops generated by gluing procedure. In contrast

to the superconformal index, ng′ parameters take the integral value as explained above,

and therefore we have to consider summation over the parameters in the Toda correlation

function, not integral. Nevertheless, we would like to expect that the integral procedure

in the superconformal index side corresponds to the summation procedure in the 2D CFT

side.

We will consider the situation where integral values of the Kähler parameters some-

thing like QFg′ ∝ qN appear automatically because of certain mechanism. Integral Kähler

parameters are also very natural from the perspective of the topological string, because

the closed topological string comes from the open topological string theory through the

geometric transition and in this context a Kähler parameter is equal to the number of D-

branes times the topological string coupling constant, that is to say the Ω-background. We

can expand this idea to the following possible AGTW relation between a partition function

on S1 × S4 and a q-deformed Toda correlation function. Let us consider a gauge theory

obtained from TN junctions29 whose flavor symmetries are partially gauged and coupled.

Its superconformal index after evaluating the residue leads to a certain combination of

the three point functions as the coefficient of the instanton partition function, that is the

conformal block

|Znon-full|2 I 5D =
∏
g

∮
dQFg

2πiQFg

∏
j

|Z(j)
TN

(QFg′)Z1-loop|2|Zinst.(QFg′′)|2

=
∏
g′′

∮
dQFg′′

2πiQFg′′

∑
nj

∏
j

Ct,q
DOZZ(nj)

∏
Ct,q
DOZZ |F(QFg′′)|2

 (5.28)

=⟨Vα1(z1, z̄1) · · ·Vαn(zn, z̄n)⟩q-Toda

where nj = {ng′(j)} labels the choice of the combination of the three point functions for

j-th TN block. The proportionality factor |Znon-full|2 in the above relation is the five-

dimensional up-lift of the prefactor f(α) in the original AGTW relation between a Pestun

partition function and a Toda correlation function as was pointed out in [58] for the case

of T2.

The coefficients of the superconformal index are written in terms of the residues, and

heuristically we know the poles are labeled by integers as30

QF ∝ trqs, r, s ∈ 1

2
Z. (5.29)

29We can generalize to the theories obtained from all the types of three punctured spheres. We do not

know the forms of these three point functions except for that for free hypermultiplets T̃N , and so we skip

discussing details on these generalized cases.
30The denominator of the instanton partition function for a given instanton number is the Kac determi-

nant, so the corresponding topological string partition function as a function of QF has such poles. Since

this pole structure comes from the Cauchy formula computation of the refined topological vertex, we expect

this is the case for generic partition function.
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Figure 25: Sicilian theory obtained by gluing T3 and T̃3 through an SU(3) vector multiplet.

This observation implies that the residue of the absolute square of the topological string

partition function is the “building block” with discrete labels (r, s) in the superconformal

index, which is analogous to that any correlation function can be written in terms of the

DOZZ three point function with discrete label ng′ . We expect this observation gives a clue

to relate the degrees of freedom of the breathing modes in the topological string partition

function with the degrees label ng′ in the 2D CFT side. Furthermore, we might be able to

expect to find the transformation from the set of the residues to the set of the three point

functions. It can be very non-trivial and complicated, and so we leave it for further study.

In this way, the five dimensional uplift of the AGTW relation naturally leads to the

expected form of the q-deformed Toda DOZZ three point functions, and they are automat-

ically derived from the TN Nekrasov partition function via the structure of the supercon-

formal indexes. Once we can compute the closed form of the three point functions, the

DOZZ functions of ordinary Toda CFTs automatically follow from them with the use of

the four-dimensional limit in the gauge theory side. The five dimensional viewpoint thus

provides a powerful approach to investigate an, yet-undiscovered, explicit expression of the

Toda three point functions.

5.4 Example: T3-T̃3 system

Figure 25 illustrates the five-dimensional theory of T3 and nine free hypermultiplets T̃3

coupled via an SU(3) vector multiplet. The left hand side is the analogue to Gaiotto curve

of the theory, and the 5-brane web is depicted on the right hand side. The breathing

mode of the T3 block is the parameter QFg′ , and the residue integral over this parameter

leads to a summation over integers. We expect that this part provides the A2 Toda DOZZ

three point functions. On the one hand, the three horizontal legs connecting the T3 web

and T̃3 webs correspond to the SU(3) vector multiplet. So the breathing modes for this

part are the parameters QFg′′ , and they are associated with the internal momenta of the

corresponding conformal block.
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6. Conclusions

In this article, we have investigated the 5D TN theories realized on the 5-brane junctions

with two different tools. On one hand, we computed the Seiberg-Witten curve from M-

theory for any N such that the SU(N)3 symmetry is manifest. In addition, we are able

to reproduce the same curve starting from the SW curve for a particular 5D SU(N) linear

quiver theory obtained in [24] and then taking a certain limit in the parameter space.

Furthermore, this curve yields the SW curve for the 4D TN SCFT which so far does not

have any known Lagrangian description. Our results are consistent with those given in [1].

For the simplest non-trivial case T3, we explicitly demonstrated how the SU(3)3 symmetry

enhances to E6 and reproduced the curve studied in [32–34].

On the other hand, we used topological string theory techniques to compute the super-

conformal index of the T3 junctions from the Nekrasov partition function. As illustrative

examples, we first carried out the same computations for the 5D SU(2) Nf = 0, . . . , 4 gauge

theories, where it was found out that the contribution of the non-full spin content has to

be removed from the partition function to reproduce the corresponding results in [50]. We

thus claim that this contribution corresponds to the extra degrees of freedom which appear

when we describe (by choosing special blow-up points) the local, generically non-toric, del

Pezzo surface using toric geometry. The non-full spin content arises from BPS M2 branes

wrapping a two-cycle, whose moduli space is non-compact. Such degrees of freedom do not

exist in the original 5D SU(2) gauge theory. In the language of the web diagram, whenever

external parallel 5-branes appear, multiplets with an incomplete spin content show up and

they have to be removed from the topological partition function in order to obtain the

Nekrasov partition function of the theory. We therefore conjectured a procedure to remove

the extra degrees of freedom for generic toric diagrams, which needs further study in the

future. Armed with this idea, we proceed to the T3 case and checked that it gives the

same index as in [50]. We also generalized to the TN case and provided the formula to the

superconformal index from the topological string partition function.

It is a long standing problem to compute the generic 3-point functions in Toda CFTs.

We proposed in section 5 a way to obtain, via the AGTW correspondence, the 3-point

functions for primary operators of the 2D WN q-deformed Toda field theories from the

5D TN Nekrasov partition functions, up to an overall factor. As is well known, it is not

enough to compute just the 3-point functions of WN primary fields. We argue that the

additional 3-point functions are labeled by the Coulomb branch parameters on the gauge

theory side. Furthermore, we discussed in section 5 that any n-point function of the q-

deformed Toda theory can be obtained by computing the superconformal index of the

appropriate 5D gauge theory. From the gauge theory point of view, calculating the index,

although technical, is a fully algorithmic procedure. A first step would be to explicitly

compute the 5D superconformal index for the TN junction and/or the corresponding 4D

partition function.

Another important open problem is to perform the summation of the Young diagrams

in order to get a product formula for the partition function of the TN junction, as we

did for T2. Once it is done, we expect to be able to take a well defined q → 1 limit and
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obtain the 3-point functions of the undeformed Toda CFT. Furthermore, by generalizing

the methods of [64, 65], one should be able to get differential equations, whose solutions

should be given by the 3-point functions obtained via our Nekrasov partition functions.

Moreover, a bootstrap approach like the one used in [62] should provide an alternative way

of calculating the 3-point functions.

Finally, 7-branes played a major role in this paper. At the same time, the topological

vertex formalism provided a powerful computational tool. It is natural to expect that a

topological vertex formalism also should exist in the presence of 7-branes. If we let 5-

branes end on 7-branes at finite distance, the partition function might be different from

the setup where all the external 5-branes extend to infinity. Related to this problem, it is

also important to study how to deal with the jumping of the 5-branes described in [5, 66].

Deeper understanding of these questions will make it possible to calculate the topological

string partition functions for more generic theories including 5D E7 and E8 CFTs.
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A. Special functions

For the reader’s convenience, we collect here the definitions of the special functions used

in the main text. The most used functions are:

Z̃ν(t, q)
def
=

ℓ(ν)∏
i=1

νi∏
j=1

(
1− tν

t
j−i+1qνi−j

)−1
,

Rλµ(Q; t, q)
def
=

∞∏
i,j=1

(
1−Qti−

1
2
−λjqj−

1
2
−µi

)
= M(Q

√
t

q
; t, q)−1Nλtµ(Q

√
t

q
; t, q),

M(Q; t, q)
def
=

∞∏
i,j=1

(1−Qti−1qj)−1,

Nλµ(Q; t, q)
def
=

∞∏
i,j=1

1−Qti−1−λt
jqj−µi

1−Qti−1qj

=
∏

(i,j)∈λ

(1−Qtµ
t
j−iqλi−j+1)

∏
(i,j)∈µ

(1−Qt−λt
j+i−1q−µi+j).

(A.1)

We also occasionally use the Macdonald polynomials Pν(x; t, q). Our main reference is

appendix B of [67]. We reproduce here the formulas that we need. We can relate the

Macdonald polynomials, at specific values of the vector x, to the Z̃ν functions as

t
||νt||2

2 Z̃ν(t, q) = Pν(t
−ρ; q, t), q

||νt||2
2 Z̃ν(q, t) = Pν(q

−ρ; t, q). (A.2)

Furthermore, we will need the following two exchange relations

Pν(t
ρ; q, t) =

(
−
√

t

q

)|ν|
q

||ν||2
2 t−

||νt||2
2 Pν(t

−ρ; q, t), Pν(x; q, t) = Pν(x; q
−1, t−1), (A.3)

as well as the ”extension” identity

Pν(t
−ρ, Qtρ; q, t) = Pν(t

−ρ; q, t)
∏

(i,j)∈ν

(
1−Qt1−iqj−1

)
. (A.4)

Lastly, there is a variant of the Cauchy identity for the Macdonald polynomials

∑
ν

Q|ν|Pν(x; q, t)Pνt(y; t, q) =

∞∏
i,j=1

(1 +Qxiyj). (A.5)
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B. Comparison with the E6 curve of Minahan-Nemeschanski type

In this section, we check that our curve investigated in section 3 is equivalent to the curve

which has been known previously [32–34].

On one hand, our curve (3.15) is rewritten in terms of the quartic polynomial

y2 = aw′4 + bw′3 + cw′2 + dw′ + e (B.1)

by shifting and rescaling the coordinate t′ as

y ≡ 2t′ +

[
−2w′3 +

(
6∑

i=1

m̃′
i

)
w′2 + U ′

1w
′ +
(
M̃

1
2 + M̃− 1

2

)]
(B.2)

so that the linear term does not appear. The coefficients in (B.1) are given by

a ≡ −4U ′
1 + (χ

SU(6)
6 )2 − 4χ

SU(6)
15 , b ≡ 2U ′

1χ
SU(6)
6 − 4χ

SU(2)
2 + 4χ

SU(6)
20

c ≡ U ′
1
2 + 2χ

SU(6)
6 χ

SU(2)
2 − 4χ

SU(6)

15
, d ≡ 2U ′

1χ
SU(2)
2 + 4χ

SU(6)

6
, (B.3)

e ≡ (χ
SU(2)
2 )2 − 4,

where we have introduced the characters of SU(6) and SU(2) as

χ
SU(6)
6 =

6∑
i=1

m̃′
i, χ

SU(6)
15 =

∑
1≤i<j≤6

m̃′
im̃

′
j , χ

SU(6)
20 =

∑
1≤i<j<k≤6

m̃′
im̃

′
jm̃

′
k,

χ
SU(6)

15
=

∑
1≤i<j≤6

m̃′
i
−1m̃′

j
−1, χ

SU(6)

6
=

6∑
i=1

m̃′
i
−1, χ

SU(2)
2 = M

1
2 +M− 1

2 . (B.4)

From the Seiberg-Witten one form given by

λSW ∝ log t′d logw′, (B.5)

we can explicitly show that the holomorphic one form of this curve is given by

ω ∝ ∂

∂U ′
1

λSW

∣∣∣∣
w′

∝ dw′

y
. (B.6)

On the other hand, the 5D E6 curve has been studied in [32–34], which gives the 5D

uplift of Minahan-Nemeschanski theory [35,36]. It is given in terms of cubic polynomial as

y2 =Ax3 +Bx2 + Cx+D, (B.7)

where

A ≡ 4, B ≡ −u2 + 4χE6
27 , C ≡ (2χ78 − 12)u+

(
4χE6

351
− 4χE6

27

)
,

D ≡ 4u3 + 4χE6

27
u2 + (4χE6

351 − 4χE6
27 )u+ 4χE6

2925 − (χE6
78 )

2 (B.8)
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with the holomorphic one form

ω =
dx

y
. (B.9)

Since (B.7) is written in terms of the characters of E6, we need to rewrite them in

terms of the characters of SU(6) and SU(2) in order to compare with our curve (B.1). The

relation given by the decomposition of the representation of E6 into SU(6)× SU(2):

27 = (6, 2) + (15, 1)

2925 = (1, 3) + (20, 2) + (20, 4) + (35, 1) + (35, 3) + (70, 2) + (70, 2)

+ (175, 1) + (189, 3) + (280, 1) + (280, 1) + (540, 2) (B.10)

351 = (6, 2) + (15, 3) + (21, 1) + (84, 2) + (105, 1)

78 = (1, 3) + (20, 2) + (35, 1)

Furthermore, by using the relation derived from the decomposition of the product repre-

sentations of the fundamental representation of SU(6) into the irreducible representation,

we can rewrite the characters of any irreducible representation in terms of the characters

of the fundamental representations:

21 = 6⊗ 6− 15, 35 = 6⊗ 6̄− 1,

70 = 6⊗ 15− 20, 84 = 6̄⊗ 15− 6,

105 = 6̄⊗ 20− 15, 175 = 20⊗ 20− 15⊗ 15 (B.11)

189 = 15⊗ 15− 1− 35, 280 = 6⊗ 6⊗ 15− 15⊗ 15− 6⊗ 6 + 1,

540 = 6⊗ 6⊗ 20− 6⊗ 15− 6⊗ 15.

The above expressions can of course only be understood on the level of characters. Fur-

thermore, we have suppressed the obvious relations for the dual representations. For the

sake of completion, we also write the similar expressions for SU(2):

3 = 2⊗ 2− 1, 4 = 2⊗ 2⊗ 2− 2(2). (B.12)

Combining these sets of identities, we find that the characters of E6 can be rewritten in

terms of the characters of the fundamental representations of SU(6) and SU(2).

Taking into account that the holomorphic one-forms for both curves are given in the

standard form as in (B.6) and (B.9), we find it straightforward to compare the modular

function called “j-invariant” in order to show the equivalence of the two curves (B.1) and

(B.7). Agreement of the j-invariant indicates that the periods of the curves are identical

up to SL(2,Z) modular transformation, which indicates the coincidence of the curve.

For the elliptic curve in the standard Weierstrass form

y2 = 4z3 − g2z − g3, (B.13)

the j-invariant are defined as

J(τ) =
g2

3

g23 − 27g32
. (B.14)
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For the elliptic curve with more generic expression, it is derived by going to the standard

Weierstrass form by proper coordinate transformation and by expressing g2 and g3 in

terms of the coefficients of the original polynomial. For the quartic polynomial (B.1), the

denominator of the j-invariant is given by its discriminant multiplied by 16a−6 while for

the cubic polynomial (B.7), it is given by its discriminant multiplied by 16A−4. 31 The

numerator is given for the quartic polynomial (B.1) as

g2 =
4

3a2
(c2 − 3bd+ 12ae) (B.17)

while for the cubic case (B.7) as

g2 =
4

3A2
(B2 − 3AC). (B.18)

By explicit calculation, we have checked that the j-invariants for both curve coincide,

under the identification of the Coulomb moduli parameters

U ′
1 = u (B.19)

although the explicit expression is too long and complicated to write down here.

31The discriminant is given by

∆ =− 128a2c2e2 + 256a3e3 − 4b3d3 + 16ac4e− 4ac3d2 − 6ab2d2e+ 144ab2ce2 + 144a2cd2e

+ 18abcd3 + b2c2d2 − 4b2c3e− 192a2bde2 − 80abc2de+ 18b3cde− 27b4e2 − 27a2d4 (B.15)

for the quadratic polynomial (B.1) and given by

∆ = −27A2D2 + 18ABCD +B2C2 − 4B3D − 4AC3 (B.16)

for the cubic polynomial (B.7).
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C. E6 characters and parametrization

The purpose of this appendix is two-fold. First, we would like to connect the parametriza-

tion of section 4.4 to the one appearing in section 3. Second, we will provide some addi-

tional details concerning the embedding of the group SU(3)3 in E6 and the information

this provides us for formula (4.64).

Let us begin by relating the parametrizations. In order to do so, we need to connect the

Kähler moduli QB, QF , Q1, . . . , Q4 to the distances appearing in the toric diagram using

(4.9). For this purpose, we draw the T3 diagram again and parametrize the positions (in

the unit of 2πα′) of the relevant branes as depicted in figure 26. In order for the toric

geometry to have the proper angles, we need to have the following constraints

m2 − r3 = s1 − s2, m1 − r1 = n1 − s1, r1 − r2 = n2 − s3. (C.1)

Furthermore, from the intersection points of the exterior diagonal lines, we read

m3 = s2 + l3, r3 = s3 + l2, r2 = n3 + l1. (C.2)

We would now like to solve for the ri and si in terms of the exterior parameters mi, ni and

li, for which (3.4) gives us
3∑

i=1

mi =

3∑
i=1

ni =

3∑
i=1

li = 0. (C.3)

The system of equations (C.1) and (C.2) has rank 5, so that we need to use an additional

equation to determine the size of the inner cycle. We dispose of a certain amount of

freedom in parametrizing the size, but in order to get parameters with good behavior with

respect to the σ and τ transformations of (3.18), it turns out to be useful to introduce the

parameter a by the relation

r1 − r3 = 2a− n1 + l3. (C.4)

Then, by equation (4.9), we find

QF = e−β(r1−r3) = Ã2Ñ−1
1 L̃3, QB = e−β(s1−s3) = Ã2M̃−1

1 L̃−1
1 , (C.5)

and similarly

Q1 = ÃM̃3L̃3, Q2 = ÃM̃2L̃3, Q3 = ÃM̃−1
1 Ñ−1

1 , Q4 = ÃÑ2L̃
−1
1 , Q5 = ÃÑ3L̃

−1
1 . (C.6)

Furthermore, we find the obvious relations Q6 = QbQ
−1
2 , Q7 = QFQ

−1
4 , Q8 = QbQ

−1
4 ,

Q9 = QFQ
−1
2 . In the previous equations, we have set Ã = e−βa.

The 78-dimensional adjoint representation of E6 is decomposed into the representation

of its subgroup SU(3)1 × SU(3)2 × SU(3)3 as

78 = (3, 3, 3) + (3, 3, 3) + (8, 1, 1) + (1, 8, 1) + (1, 1, 8) (C.7)

We note that in the above decomposition, the SU(3)1 appears differently from the other

two. The problem is to find out, which parameters among M̃ , Ñ or L̃ correspond to
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Figure 26: This figure illustrates the parametrization of the Kähler moduli as functions

of the toric geometry. The equations y = x+ li come from the conditions W̃ = −L̃iT̃ ..

SU(3)1. This can be seen from the discrete symmetry (3.18), from which we read that in

order for the E6 character to be invariant, we must relate SU(3)1 to the M̃i. Therefore,

the characters of the fundamental representation of the different SU(3) are written as

χ
SU(3)1
3 =

3∑
i=1

M̃i, χ
SU(3)2
3 =

3∑
i=1

Ñi, χ
SU(3)3
3 =

3∑
i=1

L̃i. (C.8)

The characters of the dual representations 3 are obtained by sending the parameters M̃ , Ñ

and L̃ to their inverses and the characters of the adjoints are of course given by χ
SU(3)
8 =

χ
SU(3)
3 χ

SU(3)

3
− 1. In the index formula (4.64), the 2430-dimensional representation of

E6 labeled by the Dynkin index [0, 0, 0, 0, 0, 2] (the adjoint is labelled by [0, 0, 0, 0, 0, 1])

appears. It decomposes as follows:

2430 = (1, 1, 1) + (3, 3, 3) + (3, 3, 3) + (8, 1, 1) + (1, 8, 1) + (1, 1, 8)+

+ (8, 8, 1) + (8, 1, 8) + (1, 8, 8) + (8, 8, 8) + (27, 1, 1) + (1, 27, 1) + (1, 1, 27) (C.9)

+ (6, 3, 3) + (3, 3, 6) + (3, 6, 3) + (3, 6, 3) + (3, 3, 6) + (6, 3, 3) + (6, 6, 6) + (6, 6, 6)

+ (15, 3, 3) + (3, 15, 3) + (3, 3, 15) + (15, 3, 3) + (3, 15, 3) + (3, 3, 15).

By using the following formulas

6 = 3⊗ 3− 3, 15 = 6⊗ 3− 3, 27 = 6⊗ 6− 8− 1, (C.10)

where we suppressed the symbol “χSU(3)i” (i = 1, 2, 3) to denote the character, we can

express the character of the 2430-dimensional representation of E6 entirely in terms of the

parameters M̃ , Ñ and L̃. Plugging the parametrizations (C.5) and (C.6) into the expres-

sion for the normalized topological partition function (4.63) and computing numerically

the index using generic values for the parameters, we have been able to check our final

expression (4.64) for the E6 index.
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D. Parametrization for TN

The purpose of this appendix is to relate the Kähler parameters Qm, Qn and Ql for the

general junction TN of section 3.5 with the parametrization of the SW curves of section 4.5.

The situation is depicted in Figure 27. The Kähler moduli parameters of the 2-cycles are

denoted as Q
(j)
n;i, Q

(j)
l;i , Q

(j)
m;i (i, j ≥ 1, i+ j ≤ N) and the breathing modes corresponding to

the 4-cycles are denoted as Ã
(j)
i (i, j ≥ 1, i+j ≤ N−1). We interpret the breathing modes

as Coulomb moduli parameters. For later convenience, we also introduce parameters Ã
(j)
0 ,

Ã
(0)
i , and Ã

(N−i)
i corresponding to the non-compact 4-cycles, which should be determined

once we fix the parameters of the SW curve M̃n, Ñn, and L̃n.

Figure 27: Parametrization for TN . We denote the Kähler moduli parameters corre-

sponding to the horizontal lines as Q
(j)
n;i, to the vertical lines as Q

(j)
l;i , and to tilted lines as

Q
(j)
m;i. We denote the breathing modes as Ã

(j)
i . The index j labels the strips in which the

diagram can be decomposed.

In figure 27, we see that each two cycle is shared by two 4-cycles and attached to

two more 4-cycles. We propose that the Kähler moduli parameters for the 2-cycles are
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determined only in terms of the breathing modes of these four neighboring 4-cycles as

Q
(j)
n;i =

Ã
(j)
i Ã

(j)
i−1

Ã
(j−1)
i Ã

(j+1)
i−1

, Q
(j)
l;i =

Ã
(j)
i Ã

(j−1)
i

Ã
(j)
i−1Ã

(j−1)
i+1

, Q
(j)
m;i =

Ã
(j−1)
i Ã

(j)
i−1

Ã
(j)
i Ã

(j−1)
i−1

. (D.1)

Here, we see as in figure 28 that the breathing modes of the two 4-cycle which share the

Figure 28: The pictures (a), (b) and (c) illustrate the relation between the Coulomb moduli

and the Kähler parameters for the horizontal, vertical and diagonal edges respectively.

considered two cycle appear in the numerator while for other come in the denominator.

We further assume that the relations (D.1) are valid also for m = 0, for n = 0 and for

n+m = N . Furthermore, we explicitly check that for each ”hexagon” in the diagram, the

following expected identities are satisfied:

Q
(j)
l;i Q

(j)
m;i+1 = Q

(j+1)
m;i Q

(j+1)
l;i , Q

(j)
n;iQ

(j+1)
m;i = Q

(j)
m;i+1Q

(j)
n;i+1. (D.2)

At the border of the diagram, we can relate the Kähler to the positions of the branes as

Q
(1)
m;iQ

(1)
l;i =

M̃i

M̃i+1

, Q
(j)
m;1Q

(j)
n;1 =

Ñj

Ñj+1

, Q
(N−i)
n;i Q

(N−i)
l;i =

L̃i

L̃i+1

. (D.3)

In order to fully determine the relations between the SW curve and the Kähler parameters,

we assume that the breathing modes of the non-compact cycles are given by

Ã
(0)
i =

i∏
k=1

M̃k, Ã
(j)
0 =

j∏
k=1

Ñk, Ã
(N−i)
i =

i∏
k=1

L̃k. (D.4)

Now, we can see that the generalization to TN of the discrete symmetry σ in equation

(3.18) acts on the Coulomb moduli on the border of the diagram as

Ã
(0)
i ↔ Ã

(i)
0 , Ã

(N−i)
i ↔ Ã

(i)
N−i. (D.5)

If we further assume that it acts on the Coulomb moduli parameters in the interior as

Ã
(j)
i ↔ Ã

(i)
j , (D.6)

we find that it acts on the Kähler moduli parameters as

Q
(j)
n;i ↔ Q

(j)
l;i , Q

(j)
m;i ↔ Q

(i)
m;j . (D.7)
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Similarly, the generalization of the discrete symmetry τ of equation (3.18) acts as follows

on the moduli on the border of the diagram

Ã
(0)
i ↔ Ã

(N−i)
i , Ã

(j)
0 ↔ Ã

(N−j)
0 . (D.8)

Again, assuming that it acts on the Coulomb moduli parameters of the interior as

Ã
(j)
i ↔ Ã

(N−i−j)
i , (D.9)

we find that it acts on the Kähler moduli parameters as

Q
(j)
n;i ↔ Q

(N−i−j)
m;i , Q

(j)
l;i ↔ Q

(i)
l;j . (D.10)

The transformations (D.7) and (D.10) are natural from the point of view of the toric

diagram. They further impley that the original assumption of (D.4) was natural as well.

We can now express the Kähler parameters only as functions of the independent elements

of the toric diagram. We obtain the explicit formulas

Q
(1)
n;1 = Ã

(1)
1 (M̃1)

−1(Ñ2)
−1,

Q
(N−1)
n;1 = (Ã

(N−2)
1 )−1L̃1(ÑN )−1,

Q
(1)
n;N−1 = Ã

(1)
N−2M̃N L̃N−1,

Q
(j)
n;1 = Ã

(j)
1 (Ã

(j−1)
1 )−1(Ñj+1)

−1, (2 ≤ j ≤ N − 2) (D.11)

Q
(1)
n;i = Ã

(1)
i Ã

(1)
i−1(Ã

(2)
i−1)

−1
i∏

k=1

(M̃k)
−1, (2 ≤ i ≤ N − 2)

Q
(N−i)
n;i = Ã

(N−i)
i−1 (Ã

(N−i−1)
i )−1L̃i, (2 ≤ i ≤ N − 2)

Q
(j)
n;i = Ã

(j)
i Ã

(j)
i−1(Ã

(j−1)
i )−1(Ã

(j+1)
i−1 )−1, (i, j ≥ 2, i+ j ≤ N − 1)

for the Kähler parameters of the horizontal lines,

Q
(1)
l;1 = Ã

(1)
1 (M̃2)

−1(Ñ1)
−1,

Q
(N−1)
l;1 = Ã

(N−2)
1 ÑN (L̃2)

−1,

Q
(1)
l;N−1 = (Ã

(1)
N−2)

−1(M̃N )−1(L̃N )−1,

Q
(j)
l;1 = Ã

(j)
1 Ã

(j−1)
1 (Ã

(j−1)
2 )−1

j∏
k=1

(Ñk)
−1, (2 ≤ j ≤ N − 2) (D.12)

Q
(1)
l;i = Ã

(1)
i (Ã

(1)
i−1)

−1(M̃i+1)
−1, (2 ≤ m ≤ N − 2)

Q
(N−i)
l;i = Ã

(N−i−1)
i (Ã

(N−i)
i−1 )−1(L̃i+1)

−1, (2 ≤ i ≤ N − 2)

Q
(j)
l;i = Ã

(j)
i Ã

(j−1)
i (Ã

(j)
i−1)

−1(Ã
(j−1)
i+1 )−1 (i, j ≥ 2, m+ n ≤ N − 1)
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for the parameters of the vertical lines and

Q
(1)
m;1 = (Ã

(1)
1 )−1M̃1Ñ1,

Q
(N−1)
m;1 = Ã

(N−2)
1 (L̃1)

−1ÑN−1,

Q
(1)
m;N−1 = Ã

(1)
N−2M̃N−1L̃N ,

Q
(j)
m;1 = Ã

(j−1)
1 (Ã

(j)
1 )−1Ñj , (2 ≤ j ≤ N − 2) (D.13)

Q
(1)
m;i = Ã

(1)
i−1(Ã

(1)
i )−1M̃i, (2 ≤ m ≤ N − 2)

Q
(N−i)
m;i = Ã

(N−i−1)
i Ã

(N−i)
i−1 (Ã

(N−i−1)
i−1 )−1

i∏
k=1

(L̃k)
−1, (2 ≤ m ≤ N − 2)

Q
(j)
m;i = Ã

(j−1)
i Ã

(j)
i−1(Ã

(j)
i )−1(Ã

(j−1)
i−1 )−1, (m,n ≥ 2, m+ n ≤ N − 1)

for the parameters of the diagonal lines. This reproduce the parametrization for N = 3.
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